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F-SPLIT AND F-REGULAR VARIETIES WITH A 
DIAGONALIZABLE GROUP ACTION 

PIOTR ACHINGER, NATHAN ILTEN, AND HENDRIK SUSS 


Abstract. Let H be a diagonalizable group over an algebraically closed field 
k of positive characteristic, and X a normal k -variety with an H-action. Under 
a mild hypothesis, e.g. H a torus or X quasiprojective, we construct a certain 
quotient log pair (Y, A) and show that X is E-split (E-regular) if and only 
if the pair (Y, A) if E-split (E-regular). We relate splittings of X compatible 
with H-invariant subvarieties to compatible splittings of (Y, A), as well as 
discussing diagonal splittings of X. We apply this machinery to analyze the 
E-splitting and E-regularity of complexity-one T -varieties and toric vector 
bundles, among other examples. 


1. Introduction 

Let k be an algebraically closed field of positive characteristic p. An F -splitting of 
a fc-scheme A is an CLf-linear map splitting the map F* : Ox —> F„Ox induced by 
the absolute Frobenius morphism; X is F-split if such a splitting exists. Originally 
introduced by Mehta and Ramanathan in their study of Schubert varieties |MR85| , 
a scheme being F-split has remarkable consequences, including the vanishing of all 
higher cohomology groups of any ample line bundle. The slightly stronger notion 
of (global) F-regularitjo [ HH881 !Smi00| (see Definition 13.11) is closely connected to 
the property of being log-Fano [SSlO] . Both notions have been extended to pairs 
(A, A) of a normal variety A' and an effective Q-divisor A [SSlO l. 

In this article, we study the F-splitting and F-regularity properties of normal 
varieties equipped with an effective action by a diagonalizable group. On one 
end of the spectrum, normal toric varieties are always F-regular lSmi00[ . On the 
other hand, characterizations of F-split and F-regular normal singularities with 
good Grn action have been given by Watanabe [Wat91| in terms of their Demazure 
representations. Moving to the case F[ finite, any elliptic curve E can be realized 
as a double cover of P 1 (as long as char k ^ 2) inducing a ^-action, and there is 
a classical characterization in terms of this cover when E if F-split (see Example 
E2D- Our main result, which we state below, allows us to uniformly treat these 
three above cases, along with those of many other varieties, including toric vector 
bundles. 

Let A be a normal variety with an effective action by a diagonalizable group FI. 
Let A° be the open subvariety of A' consisting of those points with finite stabilizers, 
and assume that A° admits a geometric quotient n : A° —» Y, Y = X°/H. This is 
the case if e.g. FI is a torus, or A is quasiprojective. We define an effective Q-divisor 


1 What we call E-regularity is called global E-regularity in ISmiOOI . 
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A on Y by 


E 

PCY 


»(p)~ V 

T(P) ’ 


where n(P) is the order of the stabilizer of the generic point of any irreducible 
component of 7r -1 (P) C A°. 


Main Theorem (Theorem 14. 111 . Let X be an H-variety as above. Then X is 
F-split (F-regular) if and only if the pair (Y, A) is F-split (F-regular). 


The machinery we develop actually gives a bijection between iJ-invariant F- 
splittings of X and F-splittings of ( Y , A), as well as giving a partial description of 
the set of all F-splittings of X in terms of the quotient pair (Y, A) (see Remark l4.8D . 
Furthermore, we relate F-splittings of X compatible with if-invariant subvarieties 
to certain splittings of (Y, A) (Propositions I5H and [5721) . The main obstruction 
to applying our main theorem in practice is that the quotient Y is potentially 
non-separated. To deal with this, we show that (Y, A) can be replaced by a pair 
(Y sep ,A sep ) such that Y sep is a variety, and (Y, A) is F-split (F-regular) if and 
only if (Y sep , A sep ) is, see Proposition 16.21 and Theorem 16. Ill 

The main theorem has a number of applications. We recover that normal toric 
varieties are F-regular, along with Watanabe’s characterization of normal singular¬ 
ities with G m action which are F-split or F-regular (Theorem ETO]) . Given a torus 
T, a complexity-one T-variety is a T-variety X for which dimF = dim A —1; we give 
an explicit characterization of F-split and F-regular complexity-one T-varieties, see 
Theorem EUl We also are able to give combinatorial criteria for the F-splitting or 
F-regularity of a large class of toric vector bundles. In particular, we characterize 
F-split and F-regular rank two vector bundles (Corollarv IS.lOl) . recover Xin’s result 
[Xinl4] that the cotangent bundle of a smooth toric variety is F-split (Corollary 
18.51) , and answer a question of Lauritzen by providing an example of an F-split toric 
vector bundle £ such that £* is not F-split (Example 18.111) . Further applications 
include a better understanding of the F-splitting and F-regularity of cyclic covers 
f H7.ll) . IF varieties with toroidal affine quotients ( H7.2I) . surjectively graded algebras 
(D, and Cox rings (§72]). 

We also study diagonal splittings of a T-variety A', that is, splittings of A x X 
which are compatible with the diagonal. Payne showed that normal toric varieties 
are not always diagonally split, and gave a combinatorial characterization of those 
which are |Pay09| . We give a necessary and sufficient criterion for a T-invariant 
splitting of A x A to be compatible with the diagonal, generalizing Payne’s result 
to higher complexity T-varieties, see Theorem 19.41 While certainly less explicit 
than Payne’s characterization of diagonally split toric varieties, our criterion can 
be effectively applied in many instances, particularly for complexity-one T-varieties. 
We also deduce two easier-to-check necessary criteria for the existence of a diagonal 
splitting. 

The rest of the paper is organized as follows. In §2] we discuss the action of 
a diagonalizable group on a normal variety, as well as constructing the log pair 
(Y, A). Preliminaries on the Frobenius morphism are contained in §3] We prove 
our main result in §4] and discuss invariant compatible splittings in §5] We show 
how to replace our potentially non-separated quotient Y by a variety in §6] In §7] 
we consider a number of special cases: cyclic covers, T-varieties with toroidal affine 
quotients, actions, complexity-one actions, surjectively graded algebras, and 
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Cox rings. We dedicate all of fj8]to the special case of toric vector bundles. Finally, 
22 contains our results on diagonal splittings of T-varieties. 

Acknowledgements. The authors would like to thank Kevin Tucker and Karl 
Schwede for helpful conversations. The first author’s work was supported by Pol¬ 
ish National Science Centre (NCN) contract number 2012/07/B/ST1/03343. The 
second and third authors would like to thank ICMS for research in groups support. 

2. Diagonalizable Group Scheme Actions 

2.1. Preliminaries. We will work over an algebraically closed field k. Let H be a 
diagonalizable group scheme over k, that is, a subgroup scheme of a torus for 
some r > 0. For general facts about diagonalizable group schemes, see e.g. [GPTTI 
Exp. I §4.4], [ Wat79[ §2.2], [Jan03| . Thus H is isomorphic to a product of copies of 
the multiplicative group G m and group schemes of n-th roots of unity p n = G m [n]. 
We denote by M the character group X(H) = Homfc_ gp . sc h.(-ff, G m ) of H. By an H- 
variety we mean a normal varietjQ X together with an effective action H x X — > X. 
We say that H acts almost freely if for all x £ X(k), the stabilizer H x is finite (as 
a group scheme over k). Note that the set of all points x € X such that H x is 
finite forms an open subvariety A'° of A' which we call the almost-free locus. We 
will always suppose that the following holds: 

(1) X° admits an open cover by H-invariant affine open subsets. 

Condition CD is not automatically fulfilled (see e.g. IHar77] B.3.4.1]), but it is 
always satisfied if H is connected |Snm74| . or if X is quasi-projective: 

Lemma 2.1. Condition (pQ) is fulfilled if X, or more generally, X° is quasi- 
projective. 

Proof. The group scheme H splits splits as a product H = 17° ed x G , where 17° ed 
is the reduced connected component of the identity, and G is finite. If X° is quasi- 
projective, it is well known |BBCM02l , Theorem 4.3.1] that there is a good geometric 
quotient X° —>• X°/G, where Y = X°/G is quasi-projective. Furthermore, Y is 
normal | IShal31 pp. 126]. Since the action of H® ed on X° commutes with that of G, 
it descends to an action on Y, and Y has an F7° ed -invariant affine cover by [Sum74| . 
Pulling this back to X° gives the necessary 17-invariant affine cover. □ 

Suppose now that the 17-action on X is almost free, that is X = X°. In this 
situation, there is a normal (potentially non-separated) scheme Y = X/H which 
is a geometric quotient of X. We denote by n : X —> Y the quotient map. Let 
A = n*Ox, with the associated M- grading A = © ilSM A u , so that A' = Spec r A. 
Our first goal is to describe the 17-variety A', or equivalently the graded algebra A, 
in terms of divisors on Y . We treat the case of tori first. Let CaDivQ Y denote the 
group of Q-divisors on Y with Cartier multiple. 

Proposition 2.2. Let T be a torus, and let X = Specy A, be a T-variety with an 
almost free action with quotient 7r : X —>■ Y. Then there exists a homomorphism 
T) : X(T) —>• CaDivjj Y and a T-equivariant isomorphism 

X = Specy 0 O y ([V(v)\)-x v . 

ve3Z(T) 


2 An integral separated scheme of finite type over k. 
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The above proposition follows almost immediately from Theorem 3.4 of lAllOfil . 
However, the authors of loc. cit. only state and prove this theorem for the case 
that the ground field has characteristic zero. We believe that their proof applies 
essentially unchanged in the case of positive characteristic. Instead of verifying all 
the details here, we present a slightly different argument here for the special case 
in which we are interested. 

Lemma 2.3. Suppose that a torus T acts freely on a T-variety V. Then V is a 
Zariski locally trivial T-torsor over V/T. 

Proof. By Luna’s etale slice theorem ]Lun73j . which holds for tori in arbitrary 
characteristic (cf. [AlplO, Remark 1.1]), there is an etale cover Y —> V/T such that 
the pullback of V to Y is a T-torsor. But by etale descent for tori (cf. e.g. [Mil80l 
III.4]), V —> V/T must already be a T-torsor in the Zariski topology. □ 

Proof of Proposition \2.Sl We adapt the proof of Theorem 3.4 of [AH06] . Since X(T) 
is free and the action of T on X is effective (so that each A v is non-zero), there 
exists a (non-unique) homomorphism X(T) —» k(X)*, v ha f v satisfying f v £ k(X) v 
for all v € X(T). 

There exists a finite subgroup scheme S C T containing all stabilizer groups 
T x . Indeed, by }Sum74j . it suffices to show that a linear action of a torus on A" 
only admits finitely many different stabilizer groups, and this is a straightforward 
calculation. Let T' = T/S, leading to an inclusion X(T') C X(T). Set X' = 
X/S = Specy © ug £(T') Au- Then T' acts freely on X’, so by Lemma [2711 X' is 
a T'-torsor over X'/T' = X/T = Y in the Zariski topology. Equivalently, A v is 
an invertible sheaf for v £ X(T') and the multiplication maps A v <8) A v ' —» Av+v' 
are isomorphisms for v, v' £ X(T'). Thus there exists a unique homomorphism 
V : X(T') —> CaDiv(F) such that for all v £ X(T') the map 

Av -> k(Y), f HA ff- x £ k(Y) 

identifies A v with Oy(/D{v)). Since X(T)/X(T') is torsion and Q is uniquely divis¬ 
ible, there exists a unique extension V : X(T) —»• CaDivQ Y. If / is a local section 
of Oy([T>(v)\) and n > 0 is such that nv £ X(T'), we have /"/” = f n f nv £ A nv , 
and hence ff v £ A v since A is normal. Thus, multiplication by f v defines homo- 
morphisms 

0 V : Oy(\P{v)\)-> A* 

as desired, and it’s clear that they are multiplicative. 

We check that the induced homomorphism f} = (J) 0 V is an isomorphism. This 
is clearly local on Y. so we can assume that Y = SpecAo, X = Spec A, A = 
©uex(T) Let B v = / t 7 1 A u C k(Y) be the fractional ideal corresponding to 
Oy{[D(v)\). Then j3 corresponds to the map 

p:B= 0 B v -x v ^ 0 A V =A. 

veX(T) vGX{T) 

which multiplies elements of B v by f v . It suffices to check that B is a normal 
domain and that /3 induces an isomorphism on fraction fields. This follows by the 
last paragraph of the proof of Theorem 3.4 in |AH06j . □ 

In general, if H is a subgroup scheme of a torus T, passing from X to X' = 
(T x X)/H allows us to reduce questions about IT varieties to questions about 
T- varieties: 
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Lemma 2.4. Let <f> : H —>• G be a homomorphism of diagonalizable group schemes 
whose cokernel is a torus. In the situation above, consider the X(G)-graded Oy- 
algebra 

•4'= 0 A r{vyX v = (O y [X{G)\®A) h 

vG X(G) 

where Oy[X(G)] is given the X(H)-grading in which x v has weight The 

kernel of the map f : A! —» A identifying A' v = A („) • x v with A$* („) is generated 
by X v ~ 1 f or v G ker(</>*). Let X' = Specy A', with the induced H-equivariant 
map f : X —> X 1 . Then X' is a G-variety with an almost free action satisfying 
condition 0, and is identified by construction with the quotient (GxX)/H where H 
acts on G via the inverse of <f>. Moreover, for any two points x G X(k), x' G X'(k) 
with the same image in Y, the G-stabilizer of x' is the image of the H-stabilizer of 
x under 4>. 

Proof. Self-evident. □ 

Theorem 2.5. Let H be a diagonalizable group scheme, and choose an injective 
homomorphism <f> : H T into a torus T. As before, let X = Specy A, A = 
©«eM A* be an H-variety with an almost free action satisfying condition 0, with 
quotient 7 t : X —tY. Let X' = (T x X)/H = Spec r A!, A! = ©„ 6 *(t) A/>*(u) ■ X v 
be as in Lemma \2.4\ 

(a) There exists a homomorphism T> : X(T) —> CaDivQF and an H-equivariant 
isomorphism 

X £* Specy I 0 O y ([V(v)\) • x" ) /(x v ~l:vG ker (cf*)). 

\vGX(T) ) 

(b) Let s : M —> X(T) be a set-theoretic section of <f>*, and let z(u,u') = s(u) + 
s(u') — s(u + u') be the associated 1-cocycle. There exists a 1-cocycle g : M x 
M —> k(Y)* with g u y a section of Oy([T>(z(u,u'))\) f or a U u > u ' G M, and an 
H-equivariant isomorphism 

X = Specy 0 O y ([V(s(u))\)-x u , 

uGM 

where the multiplication on the right hand side is defined by the formula 

{f-X u ){f-X u ') = {9Zyfn-X uW - 

(c) There exists a unique homomorphism T) : M —>• CaDivQ/^ Y making the dia¬ 
gram 

X(T) -A CaDivQ Y 

M -CaDivQ/ z Y 

commute. In other words, 7?(ker(<fi*)) C CaDiv z T, so in particular T>(z(u,u')) 
is integral for u, u' G M. 

Proof. Apply Proposition 12.21 to X ', taking as S used in the proof a subgroup 
scheme of H, and use Lemma T2.41 to obtain the first isomorphism. For the second 
assertion, take the multiplicative system v H > f v : X(T) —> k(X')* used in the proof 
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of Proposition 12.21 and consider it as a homomorphism X(T) -A k(X)* with f v 
semi-invariant of weight <j>*{v). This makes sense because each f v is in k{Y) ■ A' v = 
k[Y)-A r{v) . Define g u y = /*(„+„')• Then / ^ ff7{») defines 

a homomorphism as desired, which is an isomorphism on the graded pieces. Finally, 
T>(v) is integral for v £ ker(</>*) by construction (this is where we use the fact that 
S C H ), which shows the last assertion. □ 

Remark 2.6. In |AP121 §3] Altmann and Petersen construct finite covers of P 1 
with abelian Galois group using so-called A-divisors. Such an A-divisor is a special 
instance of the map T> from Theorem 12.51 in the case Y = P 1 and H a finite group 
scheme. 


Remark 2.7. The use of X' = (Tx X)/H in order to understand the action of a 
diagonalizable group H with torsion is reminiscent of the construction of the Cox 
sheaf of a variety Y when C1(Y) has torsion; see jIAL15 , §1.4] for details. 


2.2. Basic setup. In the rest of the article, unless stated otherwise, we fix the 
following setup. The base field k is algebraically closed of characteristic p > 0, H 
is a diagonalizable group scheme over k with character group M, <j> : H —>- T is an 
injective homomorphism into a torus T, s : M — > X(T) is a set-theoretic section of 
</>*, and z(u, u') = s(u ) + s(w') — s(u + u'). We consider an H-variety X such that 
the almost-free locus X° satisfies condition ©, and 7r : A'° —>• Y is the quotient 
map. We let X' = (T x X°)/H as in Lemma \2 .41 considered as a T-variety, with 
quotient map tt'. Let A = tt*O x ° = ©„ eM A u , A' = 7 t'JDx' = ® veX ( T ) A*W A v - 
We hx a homomorphism v <—> f v : X(T) —> k(X) with f v semi-invariant of weight 
v. and define g u , u ' = fC uu ')' ^ H itself is a torus, we can always assume that 
H = T, so that z = 0 and g u<u i = 1. Theorem 12.51 gives us V : X(T) —> CaDivQ Y, 
f> : M —> CaDivQ/ z Y, and the isomorphism 

(2) A° - Spec y 0 O y {\V{s{u))\) ■ X u , x“ ■ x“' = 9^wX u+u '■ 

u£M 

This representation of X induces an isomorphism of fc-algebras 

(3) k(Xf - inv = 0 k(Y) X u , X u ' X“' = 9Zy ‘ x“‘ W 

uGM 

Here fc(X) s-lnv is the subalgebra of k(X) which is generated by the semi-invariant 
functions. We write D and D in the form 


(4) 


T >( v ) = y~^qp(i>) • P, D{u) = ap ( u ) • P 

p p 


where the sums range over all prime divisors P in P, and homomorphisms ap : 
X(T) -A- Q, ap : M -A Q/Z with ap(<j>*(v)) = ap(v) modulo 1. 

For any a : M — > Q/Z, let p(a) denote the order of a, i.e., the smallest natural 
number n > 0 such that n • a{u) = 0 for all u £ M . For a prime divisor P C Y, we 
denote by p(P) the order of the stabilizer of a generic point of 7r _1 (P). We denote 
by A the Q-divisor 




KP) ^ 1 
»(P) 


P 


on Y. We let B = X \ X°, and for a prime divisor DC X contained in B 1 we 
denote by pp> : M —> Z the unique homomorphism satisfying ud(/) = —po{u) if 
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/ G k(X)* has weight u (cf. Lemma [2791 below!. We also define a polytope 

Px = {«£ Mq | pd(u) < 1} 

where D ranges over all prime divisors D contained in B. For u G M and neZ, 
we will write u £ n ■ Px meaning that the image of u in Mq is in n ■ P\ ■ 

Proposition 2.8 (cf. [AH061 Corollary 7.11]). In the above situation, let P be 
a prime divisor on Y. Then the stabilizer of every generic point of the preimage 
has character group ker(d p : M —> Q/Z), and hence is isomorphic to p n where 
n = /i(ap). In particular, p(P) = p(ap). 

Proof. We can assume that H = T, by replacing X by X' = (T x X)/H, which 
has the same V and stabilizers as X. We may shrink Y until it contains no P' ^ P 
in the support of V (i.e., ap> = 0 for P' ^ P). If P itself is not in the support 
of V, we see that X is a T-torsor over Y. In any case, we may shrink Y further 
so that Y and X are affine with coordinate rings A 0 and A, respectively, and P is 
principal. Choosing a basis of M such that all but one basis element is contained 
in ker(ap), we may reduce to the case M = Z. But then the stabilizer must be of 
the form p n , and by the proof of Proposition 12.21 n is exactly the smallest integer 
such that napP is a Z-divisor, that is, n = p(ap). □ 

Lemma 2.9. Let X be an H-variety as above, D any prime divisor not intersecting 
the almost-free locus X°, and H 3 ed the reduced connected component of the identity 
in H. Then the stabilizer of H 3 ed (and hence of H) at the generic point of D is 
one-dimensional. If 

p D G X(iL r ° ed )* = Hom(£(ff r ° ed ),Z) = Hom(M,Z) 

is the associated primitive co-character such that the generic point is attractive un¬ 
der the corresponding one-parameter subgroup, then any non-zero rational function 
f of weight u G M vanishes to order —pp>(u) on D. 

Proof. Both claims follow from the proof of [HS10] Proposition 3.2]. □ 

Example 2.10 (Blow up of a flag variety F(l,l, 1)). We consider the variety 
W = i r (l,l,l) = SL 3 /B of complete flags in k 3 . It is well known that W is 
isomorphic to the hypersurface 

W = V(xozo — x\Z\ + X2Z2) C P 2 x P 2 . 

We denote by T and obtain a T-action on W given by the weight matrix 

X 0 X\ X2 Zo Zi Z2 

( 0 10 0-1 0\ 

^0 0 1 0 0—1 y. 

It is easy to see that the locus W° of finite stabilizers is covered by the two open 
subsets U\ = [xqX\X 2 ^ 0] and U 2 = 7 ^ 0]. In particular, there are no 

divisors contained in W \ W°. We have 

Ui = T x V(zo — zi + z 2 ); U 2 = V(xo - x\ + X 2 ) xT 

S. v ✓ N. v ✓ 

with the canonical T-action on the right-hand-sides. In particular the torus acts 
with trivial stabilizers on W°. The quotient morphisms are both induced by 

7 T : P 2 x P 2 —+ P 1 ; (xo '■ Xi : X2, zq : zi : Z2) (xqZq : 2:1^1). 
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The image of the intersection U\ fl U 2 under this quotient is P 1 \ {0,1, 00 }. Hence, 
Y = W°/T is the projective line with doubled points 0,1, and 00 . Let us choose 
?/o, 2/i as coordinates for P 1 . Via the embedding of function fields induced by the 
dominant morphism ir we have yo = XqZo and 2/1 = X\Z\. For the structure sheaves 
of U\ and U 2 we obtain 

Ojj-i = Opi {xi/xq)^ 1 ] 

and 

Ou 2 =Opi[(*i/«,) ±1 ,(*V*o) ±1 ] 

with generators living in degrees ±(0,1) and ±(1,0). We have vi/y 0 = and 
using the equation xqZq — X\Z\ ± 2 : 22:2 = 0 we obtain = vi/y 0 — 1. This gives 

1 

Note, that div(vi/y 0 ) = [0] — [ 00 ] and div(yi/ Vo — 1) = [1] — [ 00 ]. Hence, setting 
Vi (a, b) = 0 and T> 2 (a, b) = (a + b) ■ [ 00 ] — a ■ [0] — b ■ [1] gives 

0 Vl = 0 0(2>i(«)), 0 U2 = 0 0{V 2 (u)). 

uez 2 uez 2 

Since V i(u) and V 2 (u) coincide on P 1 \ {0,1, 00 }, they induce a divisor V(u ) on the 
non-separated prevariety Y (which was covered by two instances if P 1 ). We obtain 

W° = E/i U U 2 = Spec y 0 0(V(u)). 

uez 2 

Now, consider the one-parameter subgroup A : G m c —> T acting with weights 

x 0 X\ x 2 Zo Zi z 2 

( 0 0 1 0 0 -1 ). 

The fixed point set of these action consists of two connected components: the lines 
(0 : 0 : 1, = 1 = : = 1 = : 0) and (* : * : 0,0 : 0 : 1), which are in fact both T-invariant. 
The first one contains sources and the second one contains sinks of the G m -action, 
which is free in a neighborhood of these sets. A local calculation shows that the 
exceptional divisors of the blowup W —>■ W in these lines consist of A-fixed points, 
as well. In particular we have W° = W° and we then obtain two prime divisors 
D+ and in W \ W°. Lemma l±9l implies that po + = (0, 1) and pu_ = —(0, 1) 
holds. We obtain I\v = Mq and = {(a, b) G Mq \ — 1 < b < 1}. The boundary 
divisor A is trivial in both cases (since V(u) was integral). 

We continue this example and discuss the F-splitting and F-regularity of W and 
W in Example 16.131 

Example 2.11 (Cyclic covers). Set H = p n C G m = T, and X be an H-variety 
satisfying ©• In this case, M = Z/nZ, and we choose the “elementary school 
arithmetic” section Z/nZ —» Z with image in [0,n — 1). Then Theorem 12.51 states 
that 

n— 1 

X = Specy 0 O y 

2=0 

for some divisor D on Y , with multiplication of the i-th and j -th graded piece 
defined by the usual product if i ± j < n, and using division (“carrying”) by a 
section g of Oy{D) if i ± j > n (in which case z(i,j) = n). This can be seen 



Zi 

- m 

x 0 

z 2 _ 

- 

zo 

yo 

1 

Xl 

ZO 

V 2/o 
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in an elementary way if A = Spec A, A = ©"Jq 1 A, is affine: let /i € A\ be a 
nonzero element, and let g = /" € Aq. This defines a homomorphism Ao[t\/(t n — 
g) —» A sending t to /i, inducing an isomorphism of fraction fields, and hence 
identifying A with the integral closure of A 0 in Fra,c{A 0 ){g 1 ^ n ). This also gives us 
maps Ai -A Frac(A 0 ) sending / to ///{, and it is easily seen that the image is 
{h £ Frac(Ao) : n div(/i) +* div(g) > 0}. If we define T>(i) = ©div(g), we now get 
the desired isomorphisms Ai = Oy(\T>{i)\). Moreover, we have gij = g if i+j > n , 
gij = 1 otherwise. 

Suppose that the divisor D = div(g) is reduced, so that A = Spec A[£]/(f ra — g). 
Then X' = Spec A[t,q,q~ 1 ]/(t n — gq) where t has weight 1 and q has weight n, 
and the map A[t, q, q _1 ]/(£ n — gq) —> A[t]/(t n — g) sends q to 1. The stabilizer 
at a point of X' mapping to D is H = g n . In particular, if n is divisible by the 
characteristic of fc, this gives an example of a T-variety with a point whose stabilizer 
is non-reduced. 


3. Preliminaries on Frobenius 

We fix now a prime p, and assume that our algebraically closed field k has 
characteristic p. Let X be a fc-scheme. By Fx : X — »• X (or simply F) we denote 
the absolute Frobenius of X , that is, the identity map on the underlying topological 
space and the p- th power map F* : Ox —> F*Ox = Ox on the structure sheaf. This 
means that F*Ox is just Ox as a sheaf of rings, but has an (©f-module structure 
defined by x * f = x p f. 

Definition 3.1. Let X be a fc-scheme. 

(1) (Mehta-Ramanathan [MR85| . see also ill Kilo §1.1]) A Frobenius splitting (or 
F-splitting) of X is an Ox-linear map a : F*Ox —t Ox satisfying a o F* = id. 

(2) We say that an F-splitting a is compatible with a closed subscheme Z C X 
defined by a sheaf of ideals lz if a(F t Xz) C X z . 

(3) (Ramanan-Ramanathan, cf. [BK051 1.4.1]) Assume A' is normal and let D be 
an effective divisor on A', giving rise to a reflexive sheaf Ox{D) and a section 
s : Ox —> Ox{D). We say that a F-splitting a : F*Ox —>• Ox is a D-splitting 
if it extends along s to a map F*(Ox(D)) —> Ox- 

(4) Assume that A' is normal, and let A be an effective Q-divisor on X. By an F- 
splitting of the pair (A, A) we mean a F-splitting of A, where D = \(p— 1)A]. 

(5) 1 [SS10 . Definition 3.1]) Assume that X is normal, A an effective Q-divisor on 
A'. We say (A, A) is F-regula if for every effective divisor D > 0, there exists 
some e > 0 such that the map Ox —> F(Ox{\(p e — 1)A] + D) splits as a map 
of Ox modules. We say that A' is F-regular if (A, 0) is F-regular. 

Note that if a pair (A, A) is F-regular, then it is automatically F-split. The 
following theorem provides a useful criterion for checking F-regularity: 

Theorem 3.2 1 [SS101 Theorem 3.9]). The pair (A, A) is F-regular if and only if 
there exists an effective divisor C > 0 on X satisfying the following two properties: 
(1) There exists an e > 0 such that the map 

Ox^FfO x (\(p e ~l)A-]+C) 

splits. 


^In ISS10I . what we call F-regularity is called global F-regularity. 
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(2) The pair (X \ C, A x \c) F-regular. 

Remark 3.3. Suppose that a normal scheme is D-split for some effective divisor 
D = apP. Then ap < p for all P. In particular, if (X, A) is F-split for a 
Q-divisor A = Y2 bpP, then bp £ [0,1] for all P. Indeed, if D' < D is an effective 
divisor and X is U-split, then it is H'-split as well, so the claim is that X can¬ 
not be D-split for D = pP with a single prime divisor P. Shrinking X , we can 
moreover assume that P is Cartier. In this situation, F*O x {F>) = F*O x (pP) = 
F*(F*Ox(P)) = (F*Ox) <8> Ox(P) by the projection formula. Using this identi¬ 
fication, Ox -A F*Ox(D) is the composition of the canonical section sp : Ox -A 

O x {P) and F*®id-. O x {P) = O x ® O x (P) -»• (F,O x ) ® O x {P) = F,O x (D). 
Thus if Ox —> F t Ox(D) splits, so does sp : Ox -A O x (P), which is impossible. 

Lemma 3.4. Let X be an integral normal k-scheme, K its function field, D = 
Y^apP a divisor on X, and ax : FfK -A- K a I\-linear map. Denote by up the 
valuation of K of X corresponding to a prime divisor P. Then <jk restricts to a 
map F*Ox(D) -A O x if and only if for all prime divisors P on X 

vp{f) > - a P +p e => v P (<j K {f)) > 1 for all f £ K. 

Proof. As Ox{D ) can be identified with the sheaf of rational functions with poles 
of order < ap along each prime divisor P, we see that ax restricts as desired if and 
only if v P (f) > -a P => v P {a K {f)) > 0. Since a K (g p ‘f) = gcr K (f), substituting 
fg p P for / where up(gp) = —1 yields the desired result. □ 

Remark 3.5. When we calculate examples, it will often be convenient to relate 
F-splittings to sections of the (p— l)-st power of the anticanonical sheaf. Let X be 
normal, A an effective Q-divisor, and D any divisor on X. HU Cl is the smooth 
locus, the relative dualizing sheaf of F e : U -A U is u>u <E> (F 6 )*^ 1 = p . By 
Grothendieck duality, we have for any e > 0 an Op -linear isomorphism 

Uomo u (F:O u (\(p e - 1)A + D~\), Op) = Op([(l - p e )(Kp + A) — DJ), 

Using the ^-property, we can push this isomorphism forward to X , see e.g. [SSlOi 
Remark 2.5]. Taking global sections, we obtain an identification 

Hom 0x ( FfO x (\(p e - 1)A + D]), O x ) = H° (X, O x ( L(1 - V e ){K x + A) — DJ)). 

Example 3.6. If X is a toric variety defined by a fan E, then —K x can be chosen 
to be the complement of the open orbit, in which case a basis for its sections is 
given by monomials X _u , where u is a lattice point in the polytope 

Px = {«£ Mq | p(u) < 1 Vp £ E(l)}. 

Here, M is the character lattice of the torus acting on A', is the set of rays of 
E, and p(u) denotes the value of the primitive generator of p on u. By the above 
remark, Laurent polynomials Y^ueMn(p-i)P x au X u correspond to maps F*O x —> 
Ox- For such a map to be a splitting, the coefficient of x° must be equal to one; 
this condition is also sufficient if X is complete |Pay09| . See also Lemma ITUI 

4. Torus Actions and Frobenius 

Consider the setup and notation of H2.21 and assume that Ft has no p-torsion 
(see Remark 14.91 below for what we can say without this assumption). Our main 
result on Frobenius splittings and F-regularity is the following: 
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Theorem 4.1. The H-variety X is F-split (F-regular) if and only if (Y, A) is 
F-split (F-regular). 

We start by endowing the sheaves F*Ox and 'Hom(F^Ox,Ox) with an 77- 
equivariant structure. This is rather straight-forward, but can cause some confu¬ 
sion, as we work with the absolute Frobenius morphisms, which are not morphisms 
of fc-schemes. To remedy this, one usually introduces the relative (fc-linear) Frobe¬ 
nius morphisms F x /k '■ X —> X' where X' = X ®k,F k k is the “Frobenius twist” 
of A'. On the other hand, in commutative algebra and in the literature on F- 
splittings and F-singularities, it is customary to work with the absolute Frobenius 
morphisms, and indeed it would be annoying to have to keep track of the various 
twists of everything in sight, especially since we will be interested in iterates of the 
Frobenius. 

Fortunately, in our situation the group H = Specfc[M] is naturally defined over 
F p (that is, we are given an F p -group scheme ifo = SpecF p [M] and an isomorphism 
H = Hq ®]f p k). We can now view the action of 74 on X over k as an action of 77o 
on X considered as an F p -scheme. The Frobenius Fh 0 ■ Hq —>• Hq is simply the 
multiplication by p map on the group scheme, and induces the multiplication by 
p map on M. From the point of view of 77o, an iterate of the absolute Frobenius 
F e x : X —> X is Fjj -equrvariant. In particular, the push-forward FfOx has a 
canonical 77o-equivariant structure, when we view X as an Fto-scheme with Hq 
acting via Ffj Q . In particular, as ker(Fj^) acts trivially on X in this action, the 
push-forward decomposes as FfO x = ® u gm/ p ^m{ f *Ox)u- 

If X = Spec A is affine, with A = © ugM A u , then the twisted action corresponds 
to the grading A = © l(gM A u / p e . with the convention that A u / p e = 0 if u is not 
a multiple of p e (note the absence of p-torsion in M). The push-forward FfOx 
corresponds to A with the usual grading, and for u £ M the u-graded piece of the 
graded module Hon^T^Ox, Ox) consists of a : A —>• A satisfying 

<7(f pB 9) = fv(g) and cr(A u r) C A {u ,_ u)/p e. 

The isomorphism ([3|) of H2.2I induces for all u £ M homomorphisms of k(Y)- 
vector spaces: 

(5) a M- a : Horn fcm (F* e fc(X)™, k(X) s ~ inv ) u -»• Horn HY) (Ffk(Y), k(Y)), 

defined by a(f) = a(f ■ x u )o € k(Y), the degree 0 part of a(f ■ \ u ) with respect to 
the M grading. 

Lemma 4.2. The homomorphisms © are isomorphisms. 

Proof. The inverse map a ^ a is defined by 

°{f-X u ') = </)■ X {U '~ U)/P \ 

if u' — u £ p e M , and zero otherwise. □ 

The following lemma allows us to relate F-splittings of X° to F-splittings of 
(Y,A): 

Lemma 4.3. Let E he any divisor on Y, with pullback E to X°. Then the iso¬ 
morphism © induces isomorphisms 

Hom 0xo (FfO x °{E),Ox°)u ^ H 0 m Oy (F, e Oy(((p - 1)A + P(s(u))l +E),Oy). 
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Proof. Assume first that H = T, that is, H is a torus. Without loss of generality, we 
may assume that Y = Spec Aq is affine, X° = Spec A is affine with A = © u6M A u , 
and T>(u ) = a(u)P for some a : M —Q and a prime principal divisor P = V(g). 
Furthermore, we may assume that E = f} ■ P for some (3 G Z. Consider an A-linear 
map er : F*A(E) -A A of degree u, that is, a(g^ l3 A w ) C Ar w _ u y p e, where we put 
A w = 0 if w (f M. Such a map is determined by its restriction to g~PA u . Indeed, 
for / G g-PA p e w+Ul we have / = (f /h)x p ‘ w for f G g~ p A u , h G A 0 and 

<f) = ° (^X pe “) = \x w <? ( f'hf- 1 ) 


with a vanishing on graded pieces not of this form. Note that this map 
Hom J 4(F 1 * A(E), A) u —> HomA 0 (A!!f<? ^A Ul A$) 


is induced by the isomorphism (JS]). Here, we are viewing g~ l3 A u as a submodule of 
K , where K is the field of fractions of Aq. 

Now, an Ao-linear map t : g^^A u — > Aq extends to an A-linear map if and only 
if 


r . A 0 ^j C 0-L“(“)J • H 0 , 


for all w G M. Here we extend r to a map F*K —> K by localization. But this is 
equivalent to 


(6) v{f) > — [a(p e w + u)\ — ft =>■ u(r(/)) > — [o:(w)J (for all w G M), 

where v is the valuation corresponding to P. 

Consider now (0 for all w G M and for f = fg x asAGZ varies. This translates 
to the condition 


u(t(/)) > - min{ La(ru) + AJ | w G M, A G Z v{f) > — [ p e (a(w ) + A) + a(u )J —/?)}. 


But as w and A vary, the quantity a(it) + A (appearing here twice) traces all numbers 
of the form b/g with b G Z, g = g(a ). We can thus rewrite the above inequality as 
follows: 


( 7 ) K r (/)) > ~ min 


Ifeez, v(f)>- 


p e b + g(a(u) + /3) 


Furthermore, the right hand side of 0 is 


1 

+a(u) + /?)' 


'1 

g(v(f) + a(u) + f3) 


pe 


A* 

p e 


so o is equivalent to requiring 


Kt(/)) > 


'1 

g{v{f) + ot{u) + p) 


p e 


Now consider an / with 0 < u(/) + a(u) + /3 < p e ] we can always reduce to this 
case by multiplying / by a monomial in g p . In such a situation, the right hand 
side of 0 is at most 1, and it equals 0 if and only if v(f) + a{u) + 0 < p e /g. We 
conclude that the system of inequalities 0 can be reduced to 


y 


a(u) 


u(r(/)) > 1 if v{f) > 
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On the other hand, a F-linear map r : F*/\ —> K restricts to an element of 
Homoy (F* Oy ( \(p e — 1)A + £>(zt)"| + E),Oy) if and only if 

1_ 


*(/) > - 


a(u) + ( p e - 1 )- 




-/3 + p e 


by Lemma 13.41 But, since a(u) £ —Z, we have 


a(u) + (p e — 1 ) 


P ~ 1 

A* 


P = 


f(t(/)) > 1 for all / G K 


P , \ 
- a{u) 


and the claim follows. 

To treat the general case, we first apply the above argument to X' = (TxX°)/H. 
Note that the isomorphisms (0 for X and X’ induce identifications for v £ 3L(T) 

Horn k{x) (F:k(X) s ~™, kixy-™)^) = Hom fc(x 0 (F^(A') s - inv , k(X'y-™) v 


a i—>■ a 


which can be explicitly described as cr'(/ • x” ) = <r(/ • ' > )c/>((v , -v)/p‘) if v — v> G 

p e X(T), 0 otherwise. It is clear from this description that 

a € Hom 0xo (F^O x 4E), O x ») 

if and only if a' £ Homo x , (F^Ox'(E'), Ox r ), where E’ is the pull-back of E to 
X'. □ 


Remark 4.4. Our proof of Lemma 14731 while direct, is perhaps not too illuminat¬ 
ing. Let us explain why we expected Lemma 14.31 and Theorem 14.11 to be true in 
the first place. In the case when FI is a torus, there is a relation between K x and 
Ky, along with a formula relating sections of their integral multiples which implic¬ 
itly involves the divisor A AIP +121 §8.1 and 8.3]. The relation between sections 
of (1 — p)K and F-splittings (Remark 13.51) then suggests our main theorem. To 
turn this expectation into a proof, one would need to check that the identifications 
of AIP + 12) are compatible with the Frobenius trace maps. This is the approach 
taken in (STlOj for the situation of finite covers. 


The next goal is to relate F-splittings on X and X°. 


Lemma 4.5. We have 

Hom 0 x (F*Ox, O x ) = (J) Homo x „ (F*O x °, &x°) u 

ueMn(p-i)P x 

Proof. Consider any non-zero eigensection a u £ Home> xo (F*O x °, O x °) u - The 
claim is that this section extends to X if and only if u £ {p — 1 )P X - Now, a semi¬ 
invariant / £ FtfOxo of weight w is regular on a general point of a prime divisor 
D from above exactly if ~pd{w ) > 0. On the one hand, cr u (f ) has weight u + w, 
so is regular if and only if cr u (f) is zero, or — j } pd(w + u) > 0. But a u (f) = 0 if 
u + w pM. Hence <j u extends to X if u £ (p — l)Px- 

On the other hand, since cr u y 0, there locally exists a semi-invariant function / 
of some weight w such that cr u (f) y 0. This implies that for any weight w' £ w+pM 
there locally is a semi-invariant function /' of weight w' with er u (f) y 0. We can 
choose w' such that 0 < —pd{w') < p , in which case we must have —^pd{w' + u) > 
0 , that is, pd(u) < — pd(w') < p. □ 
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Lemma 4.6. Consider a section 

cr £ Hom 0i , (F*Ox, Ox) 

with decomposition a = © (lgM cr u into eigensections. If a is an F-splitting, then 
so is Co. Conversely, if oq is an F-splitting and a u = 0 for all u £ pM, u ^ 0, 
then so is a. Finally, ao Is a splitting if and only if ao is. 

Proof. Such a section er is an .F-splitting if and only if er(l) = 1. Since 1 is an 
eigenfunction of weight 0 in both Ox and F*Ox, cr(l) = 1 implies that ero(l) = 1 
as well, hence do is an F-splitting. On the other hand, since cr u (l) has weight u in 
Ox , and the weight of any semi-invariant function in Ox is a multiple of p, we get 
that cr(l) = °u(l) an d the second claim follows. 

For the final claim, note that do(l) = cto(1) £ fc(Y) C k(X). □ 


Lemma 4.7. If X° is F-regular, then so is X. 


Proof. Suppose that X° is F-regular. Since X is normal, the property of being 
F-regular is independent of sets of codimension at least two, and we may assume 
that X is non-singular and B := X \ X° is a Cartier divisor. By Theorem 13.21 it 
suffices to show that the map Ox —> F t Ox(B) splits. 

Since X° is F-regular, it is F-split. Let er be any splitting, which may assume to 
be F-invariant ('Lemma l4.6D . Hence, er extends to a splitting F*Ox —> Ox (Lemma 
B~5l) . Working locally on an affine invariant chart, consider any / £ F*Ox(B) 
homogeneous of weight u. We must show that er(/) £ Ox- Now, / £ F*Ox(B) 
implies that pd(u) < 1 for any component D of B. But then 


IP 


-u{Pd) 


< 0 


so er(/) must be regular on X, since er(/) has weight u/p, and equals 0 if u/p ^ M. 
Hence, a gives a splitting of Ox —>• F*Ox(B). □ 


Proof of Theorem We first deal with the statement concerning F-splitting. By 
Lemma m if X has an F-splitting, it has an invariant F-splitting. By Lemma 
m X has an invariant F-splitting if and only if X° has an invariant F-splitting. 
Finally, X° has an invariant F-splitting if and only if (Y, A) has an F-splitting by 
Lemma l4~3l applied in the case u = 0, E = 0. 

We now deal with F-regularity. By Lemma [4.71 we may assume that A' = X°. 
Firstly, assume that X is F-regular, and let D be an effective divisor on Y. Then 
there is a splitting of Ox —> FfO(D) which we may assume to be F-invariant (cf. 
Lemma H31) which leads to a splitting of Oy —> FfOy(\(p e — 1)A] +D) by Lemma 
14.31 Hence, (Y, A) is F-regular. 

Conversely, assume that (Y, A) is F-regular. Since X and Y are normal, we may 
remove a set of codimension at least two to arrive at the situation that Y = U U C 
for some effective divisor C and some non-singular affine U over which A is a torsor. 
Now, since (Y, A) is F-regular, the map Oy —> FfOy(\(p e — 1)A] + C) splits for 
some e, so by Lemma [TUI the map Ox -4- FfO(C) splits as well, where C is the 
preimage of C in A. Furthermore, X \ C is affine, and non-singular since it is an 
F-torsor over U and F is smooth [MilSQs §4]. It follows that A \ C is F-regular 
1SS101 Remark 3.3]. Hence, by Theorem 13.21 X is F-regular. □ 
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Remark 4.8. Our proof of Theorem H.ll actuallv shows that H-invariant F-splittings 
of A' are in bijection with F-splittings of {Y. A). Furthermore, combining Lemmas 
14.51 and m gives a graded isomorphism 

Horn o x (F*Ox,O x )= 0 Hom 0y (F*O y (\( P - 1)A + V(u)]), O y ). 
ueMn(p-i)P x 

Lemma 14.61 providing a sufficient criterion for a section a of the right hand side to 
correspond to a splitting. 

Remark 4.9. Many of the statements above continue to hold if we allow H to 
have p-torsion. Note that in this generality, if X = Spec A, A = © ugM 4l u , the 
twisted action (using the e-th Frobenius on H) on X corresponds to the grading 

A = 0 A 'u where A u = 0 A u, 

u(zM w:p e w=u 

and Horn (F£Ox,Ox)u consists of those a : A —> A which satisfy er {f pe g) = f&{g) 
and a(A u i) C A' u ,_ u , i.e., if f £ A u then <j(f) w = 0 unless p e w = u' — u. In this 
case, the map (0 is defined as a(f) = a{f ■ x“)o, the degree 0 part of a(f ■ \ u ) 
with respect to the original grading on A (note that A' 0 itself is graded by M\p e ]). 
Lemma 14.21 is still true, with the inverse map a a given by the more complicated 
formula 

(8) <r{f-X u )= E 


where 


u+p e w 

Xu ' W = x u (x w ) pe 


— 9u : p e w9(p e — l)w,w9(p e — 2)w,w • ■ • 92w,w9w,w ^ ^(^ )• 


Moreover, Lemmas 14.31 and 14.51 continue to hold, as does the first statement of 
Lemma 14.61 Furthermore, any invariant F-splitting er of X induces an F-splitting 
er of (Y,A). Hence, X F-split (or F-regular) implies the same for (Y, A). The 
problem with the other direction in Theorem 14.11 is that er : F„Ox —> Ox (of 
weight u = 0) does not have to be a splitting if a is, as Example 14.101 below shows. 
In fact, er is a splitting if and only if a is a splitting satisfying a((x u ) p ) = 0 for 
every u £ M[p e ], In more intrinsic terms, this condition is equivalent to cr(/) = 0 
for every / £ k(Y) which is not a p-th power but which becomes a p-th power in 
k(X). We do not know if Theorem 14.II still holds if H has p-torsion. 


Example 4.10. Let H = p p , X = A\ with coordinate x and the standard /ip- 
action. Then Y = Aj. with coordinate y, and n*y = x p . In this case, for u = 0 and 
/ = 1, the formula © simplifies to 


p -1 

cr(l) = ^2a(y l )x\ 

i=0 

In particular, a is a splitting if and only if a(y l ) = 0 for 0 < i < p, <r(l) = 1, that 
is, if a is G m -invariant for the standard action of G m on Y. 
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5. Compatible Splittings 

We again consider an 77-variety A , and use notation established in <32.21 assuming 
again that H has no p-torsion. We now establish two results concerning compatible 
splittings. Recall that 77° ed is the reduced connected component of the identity in 
77. 

Proposition 5.1. Consider an H® ed -invariant splitting a £ Homc) x (F*Ox, Ox)- 
Then a is compatible with B := X\X°, that is, a^F^Is) =Tb- In particular, any 
77 -invariant splitting is compatible with B. 

Proof. To begin, assume that 77 = 77° ed . Without loss of generality, X is affine 
with coordinate ring A = © ugM A u . Let uj be the cone in Mq generated by those 
u £ M with A u ^ 0, and u/ the face of elements invertible in the monoid uj. Then 
the ideal Is of B is given by 0 u6 ifn( u y)^«' Since cr is 77-invariant, it maps 
homogeneous elements of degree u to degree u/p, so ct(F*(Ib)) = Ib- 

Now to conclude the proof note that for general H , any 77-invariant splitting is 
also if° ed -invariant. □ 

Proposition 5.2. Now let S be any closed subscheme ofY and 

a £ Homo x (F*Ox, Ox) 

an F-splitting of X. 

(1) If the splitting a is compatible with n~ 1 (S) C X, then its FI-invariant part 
oq is also compatible with tt~ 1 (S) C X. 

(2) Suppose the H-invariant part ao is compatible with tt~ 1 (S) C X. Then 
do G Homely (F*Oy, Oy) is compatible with S. 

(3) Conversely, suppose that no component of S is contained in the support of 
A and a 0 is compatible with S CY. Then a 0 is compatible with n~ 1 (S). 

Proof. By 1BK051 Lemma 1.1.7] we may assume that A' = A'° and that X and Y 
are affine with respective coordinate rings A d and A = © ugM A u . Let Is C A 0 be 
the ideal of 5; then the ideal of 7r _1 (S') = 7r _1 (S') is A ■ Is = 0, ugM A u ■ Is- Let 
o = X^ueM a u be the isotypical decomposition of a. 

First, assume that o is compatible with 7r _1 (S'). Consider any / £ F*(A ■ Is), 
without loss of generality homogeneous of degree w. Then a(f) £ A- Is, and so we 
have that a u (f) £ A( w _. u y p ■ I s . In particular, er 0 (/) £ A w / p ■ I s C A ■ I s , so a 0 is 
compatible with 7r _1 (5 l ). 

Now if do is compatible with then for any degree zero element / £ 

F,(A (r I s ) = F*(Is), we have a 0 (f) £ Is, so do £ Horn o y (F*Oy,Oy) is compatible 
with S. 

On the other hand, suppose that do (Is) = Is, and that S is contained in the 
support of A. Then again by [BK051 Lemma 1.1.7], we may shrink Y and only 
consider the case that V is trivial, that is, A = A o ■ \ u . But then for 

/ £ F*(Is ■ A 0 -x w ), oo(/) € Is-A 0 -x u / p as desired, where x u ^ p = 0 if u/p M. □ 

6. Separations 

We have been able to characterize F-regularity and the existence of an F-splitting 
for an 77-variety X in terms of the quotient pair (Y, A) in Theorem 14. II However, 
the quotient Y need not in general be separated. We now describe how to replace 
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the pair (Y, A) with a pair (Y sep , A sep ) such that Y sep is separated. Recall that an 
open subscheme U C Y is big if codimy(Y \ U) > 1. 

Definition 6.1. A separation of a fc-scheme Y is rational map s : Y —■* Y sep , such 
that 

(1) Y sep is separated. 

(2) The map s is defined on a big open subset U C Y which maps locally 
isomorphically to a big open subset of Y sep . 

Recall that a prevariety is an integral scheme of finite type over k. We will use 
the following proposition to replace our quotient Y = X°/T with a variety. 

Proposition 6.2. Every normal prevariety admits a separation. 

Remark 6.3. In [HSlOl . separated quotients of T-varieties are produced by consid¬ 
ering the inverse limit of GIT-quotients. In this setting, the image of the quotient 
map into the GIT-limit gives a separation of X°/T and the distinguished com¬ 
ponent of the limit which contains the image coincides with the Chow-quotient 
introduced in ]AH06] . 

To prove the proposition, we need several facts about centers of valuations. 

Definition 6.4. Consider a valuation v of fc(Y). A center of v is an irreducible 
closed subset C C Y such that Oc,y Q O v and Oc,y O u is a local ring homo¬ 
morphism. 

Lemma 6.5. A prevariety Y is separated if and only if every valuation of k(Y) 
has at most one center. 

Proof. See |Har771 Theorem 4.3] □ 

Lemma 6.6. Consider dominant morphism (j> : Y —> Y' from a prevariety Y to a 
prevariety Y' and a valuation v of k(Y) with center CcY. Then C' := 4>{C) is a 
center of i/\ k(Y') ■ 

Proof. Note that we have a local ring homomorphism Oy',c ^ ®y,c induced by 
</> and a local ring homomorphism Oy,c ^ by the definition of a center. Hence, 
the composition is a local ring homomorphism as well. □ 

Definition 6.7. A multiple center of a prevariety Y is a closed subset C C Y which 
is the center of some valuation v , such that v has more than one center. We define 
the non-separated locus of a prevariety Y to be the union of all multiple centers. 

Lemma 6.8. The locus of non-separateness of a prevariety Y is a Zariski closed 
subset. 

Proof. We consider some open affine covering {Ui}i & i of Y and denote Ui fl Uj 
by Ujj. We set A; = CV(£/i) and denote the sub-algebra of the function field 
generated by A; and Aj by AiAj and its spectrum by Uij. We have a birational 
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map (f>ij : Uj —-» Uj and a commutative diagram as follows 



Now, we denote the indeterminacy locus of 4>ij by Vjj. We claim that 

U hW)cY 

i,j&I 

equals the locus of non-separateness. 

Assume we have a point y in this finite union. This means there is a pair (i. j) and 
component of the C of Vij such that y £ fij (C ). Now, we may choose a valuation 
u, which has center C. This implies that fij ( C) and fji (C) are centers of v, as well. 
Since C lies in the locus of indeterminacy, fij{C) and fji{C) do not intersect Uij. 
Hence, fij{C) ^ fji(C). Hence, y lies in the locus of non-separateness. 

Assume instead that we have a point y in the non-separated locus. This means 
it belongs to some multiple center V of some valuation u. Hence, we have another 
center V' of the same valuation. They cannot both intersect the same affine chart, 
since affine varieties are separated. Hence, we have two charts Ui and Uj, such that 
Ui (~l V' = Uj fl V = 0 but Ui ny 7 ^ 0 and Uj fl V' 0. In particular v has no center 
on the intersection Uij. The fact that v has a center on Ui and Uj is equivalent to 
the inclusions of the coordinate ring A{,Aj C O v . But then we have AiAj C O v 
as well. Hence, v has a center C on Uj and we have fij(C) = V and fij (C) = V', 
by Lemma 16.61 Since v has no center on Uij, it follows that C is contained in 
the indeterminacy locus Vij of (f>ij. Hence, V and V' are contained in fij {Vij) and 
fji {Vij ) respectively. □ 

Proof of Provosition \6.A Consider the non-separated locus inside the prevariety Y. 
From the components of codimension 1, several components have the same local 
ring. For every one of the local rings occurring, choose one of these components 
and remove the rest. The remaining prevariety Y' is “separated in codimension 
one”, i.e. the non-separated locus V of Y' has codimension > 1. If we remove this 
locus from Y' we obtain a variety y se P = Y' \ V. Now, the rational map s is just 
the inverse of the inclusion T sep Y. Let D be a prime divisor in Y. Then by 
construction, there is a prime divisor D' C F se P with the same local ring as D. In 
other words, for every prime divisor in Y there is an open subset intersecting D 
which is mapped isomorphically to an open subset of y se P. □ 

Remark 6.9. If Y is a smooth prevariety of dimension one, then it admits a unique 
separation s : Y —> F se P, and s is a morphism. 

Consider a separation s : Y —-*• y se P. For any Q-divisor D = Y^pcy a P ' P on 
Y, we define 

Smax-D := ^2 maX { a ^ I P C S’*(P')} ' P'■ 

P'CY se P 
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With this we have s*0(—D) = 0(—s max D). 

A separation of a pair (Y, A) consists of a separation s : Y --■» Y sep along with 
the Q-divisor A sep := s max A on Y sep . By Proposition l6.2l such a separation always 
exists, although it is not necessarily unique. 

Remark 6.10. Note that A sep is the unique minimal divisor on Y sep such that 
s*( A sep ) > A. 

We may use the following result, coupled with Theorem II. II and Proposition 15. 21 
to characterize (compatible) F-splittings and F-regularity of a T-variety in terms 
of properties of a separated quotient. 

Theorem 6.11. Consider a normal pair (Y. A) and a separation 5 : (Y, A) ---> 

(ysep^ A se P). 

(1) The pair (Y, A) is F-split (F-regular) if and only if (Y sep , A sep ) is F-split 
(F-regular). 

(2) Let S C Y be a closed subscheme such that U PI S = S, where U is the open 
subset of Y on which s is regular. Then (Y, A) is F-split is compatible with 
S if and only if (Y sep , A sep ) is F-split compatible with s(S). 

Proof. Due to our normality assumption, we may without loss of generality assume 
that s is regular on all of Y with image Y sep . Now, since s is a local isomorphism 
between the pairs (Y sep , A sep ) and (Y, s*A sep ), we have an isomorphism between 

Homeq.sep (Ff Oy s <>p{\( p e — l)A sop ~| + D) , Oy se P ) 

and 

(9) Horn OY {FtO Y {\(p e - l)s*(A sep )] +s*(D)),O y ) 

for any effective divisor D on Y which preserves the property of being a splitting. 
Furthermore, @ is equal to 

Horn OY (F:Oy(\(p e - 1)A) +s*(D)),Oy) 

by definition of A sep . This proves claim [l] with regards to .F-splitting. For ir¬ 
regularity, note that s*(s*(C)) > C for any divisor C on Y, and the claim follows. 
Claim[2]follows immediately from the above isomorphism and [BK05t Lemma 1.1.7]. 

□ 

We are now going to reformulate the description of splittings of X° lLemma l4.3D 
in terms of Y sep . Remember from t!2.2l that X° has a description as 

X° = Spec 5 - 0 0([V(s(u))\)- X u 

ueM 

where V : X(T ) —>• CaDivQY. We define h : M —> CaDivQY sep by h(u) = 
s ma x((p — 1)A + T>{s{u))). If Ft is a torus, i.e. M is torsion-free and s is the 
identity, we may view h as a convex and piecewise linear function on Mq. 

Lemma 6.12. For u € (p — 1 )Px we have 

Hornp^ (ROx, 0.v)« — Homo r (F t C)5'sep(|"/i(u)]) J Oyae P ). 

Proof. As in the proof of Theorem 16.111 we have 

Homo y3ap (F^Oysep (s max ( \(p — 1)A] + D(s(u)))), Oyse P ) 
being equal to 

Hom 0y {F*Oy{\{p - 1)A] +D(s(u))),Oy). □ 
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Example 6.13 (Blowup of a flag variety (continued)). For W° = W° from Exam¬ 
ple ETO] we had as a non-separated quotient the projective line with doubled points 
{0, 1, oo}. The separation is just the ordinary P 1 and the morphism W° —> Y — »• 
ysep _ pi j s a g a j n given by 

7T : P 2 x P 2 --4- P 1 ; (xo : x\ : x 2 , z 0 : z\ : z 2 ) ( x 0 zo : XiZ\). 

The piecewise linear function h : Pw —> DIvqP 1 defined by h(u) := s max D(u) is 
given by 

h(a, b) = max{— a, 0}[1] + max{—6,0}[1] + max{a + b, 0}[oo], 

For W we obtain just the restriction h\p~. 

Since (Y sep , A sep ) = (P 1 ,0) for W and W we deduce by Theorem 14.II and The¬ 
orem Em that both varieties are E-regular (and hence E-split) for every prime 
P■ 

We continue our discussion in Example 19.111 showing that both varieties are 
diagonally split. 


7. Special Cases 

In this section, we consider some special cases and examples of E-varieties where 
criteria for E-splitting and E-regularity simplify. 


7.1. Cyclic Covers. Let X be a normal n-fold cyclic cover of a normal variety Y 
with reduced branch divisor D , and assume that n is relatively prime to p. Let A 
be the boundary divisor as in £12.21 Then by Theorem l4.ll we have that X is E-split 
(E-regular) if and only if (Y, A) is E-split (E-regular). Note that the support of A 
is exactly D, and A is of the form 


A = 

^^ n- 


where the Di are the irreducible components of D and each ni divides n. If the 
ramification index of every point x G X in the ramification locus is equal to n, then 
we simply have 


A = 


n — 1 


D. 


n 

Note that our result for cyclic covers is simply a special case of ISTIOI . which 
gives criteria for E-splitting and E-regularity to preserved under arbitrary finite 
morphisms with tame ramification. 


Proposition 7.1. Let X, Y. A and D be as above with A = and X, Y 

projective. Suppose that Oy{{n — 1 )D) = ny". Then X is F-split if and only if: 

(1) We have p = 1 (mod n), that is, p — 1 = an for some a £ N; and 

(2) The isomorphism Oy{{n — 1 )D) = ujy n induces a non-zero map 

4> : Oy(a(n — 1 )D) 

and a multiple of<p( 1) corresponds to an F-splitting ofY under Grothendieck 
duality. 

Furthermore, X is never F-regular. 
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Proof. By Theorem 14.11 we are checking whether or not the pair ( Y , is F- 

split (or F-regular). By Remark 1531 maps F*0y(|"(p — l) n f^-D~\) —> Oy are given 
by sections of 


C = oj 


i -p 
Y 


(p- 1 ) 



Now, C n is a sub-bundle of 


( 10 ) 


w n (i- p ) (-(p - 1 )(n - 1)F>) “ Oy 


with equality if and only if (p—l)^f^-D is an integral divisor, that is p = 1 (mod n). 
Since Y is projective, H°(Y, £,) is at most one-dimensional, and must vanish unless 
p = 1 (mod n). Hence, condition ([!]) must hold for X to be F-split. 

If C has no sections, then X is not F-split; assume instead that the space of 
global sections is generated by some non-zero / G H°(Y, C). Then f n G H°(Y, C n ) 
corresponds to the isomorphism Oy(((p — 1 )(n — 1 )D) = ujy~ p ' >n via ([TU]) . and / 
induces a map <j> as in condition ([2]). Hence, assuming condition ©, condition © 
is necessary and sufficient for F-splitting. Furthermore, X is never F-regular, since 
again by duality, 


Homo y 




1 )^±D 




= 0 


for any non-trivial effective divisor E. 


□ 


Example 7.2 (Elliptic curves as double covers). Let X be a smooth elliptic curve, 
and p > 2. Then an affine model of X can be given by 

V 2 = x(x - l)(x - A), 

for A ^ 0,1 which realizes X as a double cover of P 1 with branch divisor D = 
{0} + {1} + {A} + {oo}. The curve X is F-split if and only if it is ordinary 1BK05I 
1.3.9], and it is classically known that this is the case if and only if the coefficient of 
coefficient of x( p_1 )/ 2 in (x — A) < - p_1 -*/ 2 (x — 1 )(p - 1 )/ 2 is non-zero jHa,r77i Corollary 
4.2], 

We can easily recover this result using Proposition 17.II Indeed, taking \,x as a 
basis of 0(1) with (l)o = {oo} and (x)o = {0}, we have an isomorphism 0(D ) —»• 
0(4) sending 1 to x(x — l)(x — A). The section (f)(1) = (x(x — l)(x — A))^” 1 ^/ 2 G 
0(2(p — 1)) corresponds to a splitting of P 1 if and only if the coefficient of x p_1 is 
non-zero, cf. Example 13.61 But this is the same as requiring that the coefficient of 
x( p-1 )/ 2 in (x — A)( p_1 )/ 2 (x — l)( p-1 )/ 2 is non-zero. 

Definition 7.3. Based on the above example, we say that the pair (P 1 , i(ci +C 2 + 
C3 + C4)) is ordinary if and only if the coefficient of x*^ -1 ^ 2 in (x — A)^ p “ 1 -*/ 2 (x — 
1 )( p -!)/ 2 i s non-zero, where A is the cross-ratio ( ci , C2 ; C3 , C4 ). By the above, the 
pair (P 1 , |(ci + C2 + C3 + C4)) is F-split if and only if it is ordinary. 

Example 7.4 (Elliptic curves as triple covers). In the situation of Proposition l7.ll 
we can also take Y = P 1 , n = 3, D = {0} + {1} + { 00 }. The curve X is a triple 
cover of P 1 , and is a smooth elliptic curve as long as p > 3. By Proposition 17.11 
X is F-split if and only if p = 1 (mod 3). Indeed, we again have an isomorphism 
O(D) —> 0(3) sending 1 to (x(x — 1)) where we take a basis of 0(1) as in Example 
17.21 Then 0(1) G 0(2(p— 1)) is given by x 2 ( p_1 )/ 3 (x — 1) 2 (p - 1 )/ 3 , and the coefficient 
of x (p-1) is clearly non-zero. 
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Example 7.5 (K3 double covers). Let Y = P 2 , D be a smooth sextic curve in Y, 
and X a double cover of Y ramified over D. Then X is a smooth K3 surface. If 
/ € k[x, y , z] is a sextic polynomial such that D = V{f) and p > 2, then Proposition 
17.11 implies that A' if F-split if and only the coefficient of (a :yz) p ~ l in / p_1 is non¬ 
zero. 

More generally, similar statements can be made for K3 surfaces arising as double 
covers of smooth toric surfaces Y. Indeed, let Py be as in Example 13.61 A smooth 
section / of uf 2 can be written as 

/ = 

u£2PnM 

and for p > 2 the corresponding K3 double cover is F-split if and only if the constant 
term of / p_1 is non-zero. 

Example 7.6 (A Fano threefold). Consider a homogeneous quartic polynomial 
/ € k[x,y,z,w\, charfc > 2, and let A' be a double cover of P 3 with branch locus 
V(f). Then X is a smooth Fano threefold of degree 16, which is F-split if and only if 
(P 3 , \V{f)) is F-split by Theorem l4.ll By Remark 1331 and Example 13.61 (P 3 , V(/)) 
is F-split if and only if the coefficient of x a y^z^w 5 in is non-zero for some 

a, /3, 7 , 6 € N with a,/3,j,S < p — 1. For example, taking / = cc 4 + y 4 + z 4 + w 4 , 
we see that X is F-split if and only if char k > 5. 

A similar analysis can be carried out for any cyclic cover of a toric variety. 

7.2. Affine Quotients. 

Definition 7.7. We say that a pair (Y, A) is a toroidal if the formal completion 
of (Y. A) at every closed point y is isomorphic to the formal completion of a pair 
(V y , By), where V y is toric and B y is the toric boundary divisor. 

Theorem 7.8. Let X be an H-variety where H has no p-torsion, (Y. A) as in Q2.2 1 
and (Y sep , A sep ) any separation. Assume that y se P is affine and (F sep , [A sep ]) is 
toroidal. Then X is F-regular. 

Proof. Combine Theorem 14. 11 Theorem 16.Ill and Lemma T7.9I below. □ 

Lemma 7.9. Let Y be a normal affine variety, A an effective Q-divisor, and 
assume that the coefficients A are all less than 1. If (Y, \ A]) is toroidal, then the 
pair (Y, A) is F-regular. 

Proof. Since Y is affine, we can argue as in the proof of [BK05I Proposition 1.1.6] 
to show that (Y, A) is F-regular if the pair is F-regular in a formal neighborhood 
of each closed point. Hence, we are are reduced to showing the following: let Y be 
toric, B the toric boundary divisor, and A an effective Q-divisor with A < B and 
whose coefficients are all smaller than 1. Then (Y, A) is F-regular. 

Due to the assumption on the coefficients of A, there exists some e £ N such 
that 

\(p e -l)X~\+B<(p e -l)B. 

Now, the canonical toric splitting \ u X u ^ p (with x u ^ p = 0 if u/p e ^ M) splits 
Oy —> FfOy((p e — l)B), hence also Oy —> FfOy(\{p e — l)A]+i3), and by Theorem 
13.21 we conclude that (Y, A) is F-regular. □ 
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7.3. G m - Actions. The F-splitting and F-regularity of normal affine G m -varieties 
X with = k was studied in I Wat 9 1 j . By a classical result of Demazure |Dem88j , 
such X may be described as 

X = Spec r 0 0(\nD\) 

nGZ>o 


where 


D = T,^Pi 


is a Q-Cartier divisor on a projective variety Y. Assuming that p*, qi are relatively 
prime, the fractional part of D is 

qi - 1 


D ' = Y, 


-Pi- 


qi 


Theorem 7.10 f [Wat911 Theorem 3.3]). Let X be as above. Then X is F-split 
(F-regular) if and only if (Y, D') is F-split (F-regular). 

Theorem 17.101 is a special case of our Theorem 14. II Indeed, for FI = G m and A' 
as above, X°/H = Y and our A is exactly the D' from above. 


Remark 7.11. Suppose now that in the above setting, Y is a complete intersection 
in P", cut out by hypersurfaces Y,. Assume furthermore that the fractional part of 
D is of the form 

D' = —(bob) 
a 

for some reduced hypersurface b CP". Hara [Har95] Theorem 4.2] shows that 

Spec r 0 O ( [nD \) 

7l£Z> q 


is F-split if and only if 

Spec P n 0 0{\nE\) 

q 

is F-split for some (or equivalently, for all) ample divisor(s) F on P" with fractional 
part 


a p 

Reinterpreted using our notation here, this shows that (Y, D') is F-split if and only 
if (P",F') is F-split. 



7.4. Complexity-One Actions. Let X be a T-variety of complexity one, that is, 
X is a normal variety with an effective action by an algebraic torus T satisfying 
dim A = dimT + 1. Using notation as in 112.21 we have that Y is a potentially 
non-separated smooth curve. Then there is a unique smooth quasiprojective curve 
C which is a separation of Y. Let : X° — > C be the composition of the quotient 
map 7T with the separation Y — > C. For any point c £ C, let /r(c) be the maximal 
order of the stabilizer of a general point of i/'~ 1 (c). 

We can completely characterize F-split and F-regular complexity one T-varieties 
in terms of the curve C and the stabilizers of the fibers of if: 


Theorem 7.12. The complexity-one T-variety X is F-split in exactly the following 


cases: 
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triple 

F-split 

F-regular 

( 1 ,*,*) 

p > 2 


p > 2 

( 2 , 2 ,*) 

p > 3 


p > 3 

(2,3,3) 

p > 5 


p > 5 

(2,3,4) 

p > 5 


p > 5 

(2,3,5) 

p> 7 


p > 7 

(2,3,6) 

p = l 

(mod 3) 

No 

(2,4,4) 

P = 1 

(mod 4) 

No 

(3,3,3) 

P= 1 

(mod 3) 

No 


Table 1. Stabilizer orders for F-split and F-regular complexity- 
one T -varieties 


(1) C is affine. 

(2) C is an ordinary elliptic curve, and T acts freely on X°. 

(3) C = P 1 , fi{c) = 1 for all but at most three points c 1 , 02 , 03 , and y(c\), /z(c 2 ), ^( 03 ) 
is one of the triples in Table QJ 

(4) C = P 1 , /x(c) = 1 for all but four points Ci, 02 , 03,04 which have g(ci) = 2, 

p > 3, and the pair (P 1 , ^ Ci) is ordinary (see Definition \7.3\ l. 

Furthermore, X is F-regular exactly in case{J J or case El as described in Table Q] 


Remark 7.13. In the case that dim A = 2, X is affine, and Y is projective, we 
recover Wat911 Theorem 4.2]. 

Proof of Theorem \7.12\ Consider the separation ( C , A sep ) of (Y, A). Then by The¬ 
orem linn X is F-split or F- regular if and only if ( C , A sep ) has the same property. 
Suppose first that C is affine. The separation (C, A sep ) of ( Y , A) is toroidal, so X 
is F-split and F-regular by Theorem 17.81 

For the other cases, we may appeal to |Wat911 Theorem 4.2] coupled with our 
Theorem 14. II However, since the proof of loc. cit. is rather terse, we include a proof 
here for completeness. We now consider the case of C projective. Using the duality 
of Remark 13.51 we see that a necessary condition for ( C , A sep ) to be F-split (or 
F-regular) is that 

(11) deg[(p — l)A sep ] < (p — l)(2g — 2) if F-split 

(12) deg[(p e — l)A sep ] < ( p e — 1)(2 g — 2) for some e if F-regular. 


Here, g is the genus of the curve C. 

Since A sep is effective, we immediate conclude that g < 1 if A' is F-split, with 
A sep = 0 in the case g = 1. In the case g = 1, we thus conclude that A' is F-split 
if and only if A sep = 0 and C is F-split. The condition on A sep is equivalent to 
saying that T acts freely on X, and an elliptic curve is F-split if and only if it is 
ordinary, see e.g. ' BK03. 1.3.9]. By the above degree requirement, we also see that 
if X is F-regular, then we must have C = P 1 . 

We now analyze the case C = P 1 . Let S be the finite subset of P 1 containing 
those points y with y{y) ^ 1. Note that we have 


A sep = ^2 

yes 


h(y) -1 
F(y) 


y■ 
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Assuming that X is F-split, the above degree bound leads to 


E 

yes 


1 

My) 


># 5 ^ 2 , 


with strict inequality if A' is F-regular. A straightforward calculation shows that 
the only possible multiplicities p(y) which can occur for X F-split are the triples 
listed in Table[l]or (2, 2,2, 2). Equation (fill) shows that the stated conditions on p 
are also necessary. Likewise, by (1121) the only multiplicities y(y) which can occur 
for X F-regular are the triples listed in Table [I] Note that the case (2, 2,2, 2) is 
covered in Example 17.21 and the case (3,3, 3) is covered in Example 17.41 

It remains to show that for each triple, the condition on p is also sufficient for 
F-splitting (or F-regularity). Fix the anticanonical divisor —Kpi = {0} -f {oo} as 
in Example [3211 A section 


p -1 

E a iX l eH 0 (V\O((l-p)K pl )) 

i = l—p 

has a multiple which splits O p i —> F*0pi if and only if a o ^ 0. Now, we may assume 
that the points Ci,C 2 ,C 3 are respectively 0, oo, and 1. Let (/i(ci), /n(c 2 ), MC 3 )) be 
one of the triples from Table [T] with p satisfying the requisite bound. Set 

M c *) - 1 

a i — ( \ 

M c i) 

Then A sep = and IMi] < 2 (p— 1). Hence, there exists /3 G N such 

that 

(X 1 - l) r( *—^“-"l . x ~ p 

is a section of i? 0 (P 1 ,F*C?(|’(l — p)(K P 1 + A sep )]) and the coefficient ao of x° is 
non-zero. We conclude that a multiple of this section corresponds to a splitting a 
of (P 1 , A sep ), so X is F-split. 

If we are in the situation where we are claiming that X is F-regular, then there 
exists e G N such that — l)***] < 2 {p e — 1). Composing the splitting a from 

above with itself, we get that cr e splits Opi —»• F*0 P i(\(p e — l)A sep ]); Let r be the 
corresponding section of F°(P 1 ,F®C> P i(|’(l — p e )(K P i + A sep )])). By choice of e, 
we have 

r(i-p e )(Av + A sep )i > 0 , 

so there exists an effective divisor D > 0 with r a section of F£O p 1 (f(1 — p e )(K P i + 
A sep )l — D). Hence, cr e splits O p i —> F£0 P i(\(p e — l)A sep l — D), so by Theorem 
[3~2l (P 1 , A sep ) and X are F-regular. ' □ 


Remark 7.14. We can define the genus of a pair (C, A sep ) by 

m a-p) = ^ a " p 2 +2 ^) . 

By the above theorem, F-split implies that g(C, A sep ) < 1, and F-regular that 
g(C, A sep ) < 1. 

Example 7.15. By [SmiOOl Proposition 6.3], any smooth Fano variety in character¬ 
istic zero is F-regular after reducing to characteristic p for p sufficiently large. We 
illustrate this with the list of complexity-one smooth Fano threefolds from [Sufi 14] . 
For the threefolds 2.24, 3.8, and 3.10, the stabilizer orders are given by the triple 
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(2, 2, 2)0 Hence, these threefolds are F-split and F-regular exactly in characteris¬ 
tics p with p > 3. All other threefolds on the list have stabilizer orders given by 
the triple (1,*,*) and are F-split and F-regular in arbitrary characteristic. 

7.5. Surjectively Graded Algebras. Let A be an F-finite noetherian Z"-graded 
normal integral domain of characteristic p. Then A is surjectively graded [Has 03] if 
for all u,u' € Z" with A u , A u ' ^ 0, the multiplication map A u <g>A 0 A u > —> A u + u i is 
surjective. Then Hashimoto shows the following: 

Theorem 7.16 (cf. IHasO.'il Theorem 5.1]). Assume that Q) nG %A nu F-regular 
for some u in the interior of the weight cone of A with A u ^ 0. Then A is F-regular 
as well. 

Surjectively graded algebras fit nicely into our framework as well. Let A be a 
surjectively graded finitely generated normal fc-algebra, X = Spec A. Constructing 
X°, Y , and A as in d2.21 we have that A = 0. Indeed, if A is surjectively graded, 
then the sheaf 

•4 - @ O y (\V[y)\) 

»eM 

of Oy-algebras is also (locally) surjectively graded. But it is straightforward to 
check that this implies that T>(v) is integral for all v G M, and hence A = 0. We 
may thus conclude by our Theorem 14.11 that X = Spec A is F-regular if any only if 
X°/T is F-regular. 

7.6. Cox Rings and Related Constructions. Let Y be a normal variety with 
finitely generated class group C1(F). The Cox sheaf of Y is the Cl(F)-graded sheaf 

n(Y) = 0 Oy(d). 

[D]eCl(F) 

This definition appears to depend on choice of representatives D of classes [D] G 
Cl(y), but any two choices lead to isomorphic sheaves. Furthermore, choosing 
representatives for a generating set of C1(F) leads to an Oy-algebra structure on 
Oy, and any two choices lead to isomorphic Oy-algebras |lAL15l §1.4]. 

The Cox ring oiY is the ring R(Y) = H°(Y , TZ(Y)). It is a natural generalization 
of the homogeneous coordinate ring of projective space. Note that in general it need 
not be finitely generated. However, it is always integral and normal |lAL15l §1.5]. 

Proposition 7.17 (' [GOST121 cf. Proposition 4.6]). Suppose that R(Y) is finitely 
generated, and assume that Cl(Yj has no p-torsion. Then 

X = Spec R(Y) 

is F-split (F-regular) if and only ifY is F-split (F-regular). 

Proof. Let Ft = Specfc[Cl(T)]. In this situation, U = Spec 0y TZ(Y) is an H- 
invariant open subset of X of codimension at least one [IAL151 §1.6], hence X is 
F-split (F-regular) exactly when U is. But by construction, Ft acts on U with finite 
stabilizers, U / Ft = Y, and the boundary divisor A C Y is trivial. The claim now 
follows from our Theorem 14. II □ 


'Wole that only special elements in these three deformation families admit a two-torus action. 















F-SPLIT AND F-REGULAR VARIETIES 


27 


A related situation occurs when considering a normal variety Z embedded in 
some other variety Y as above with R(Y) finitely generated. For simplicity, we shall 
assume that Y is toric, in which case R(Y ) is a polynomial ring; generalizations are 
left to the reader. Consider Z C Y a, normal variety. Let U C Spec R(Y) be as in 
the proof of Proposition 17.171 and let / C R(Y) be the Cl(F)-homogeneous ideal 
of 7t -1 (Y) C sec R(Y), where 7 r : U —> Y is the quotient map. 

Proposition 7 . 18 . Let Z, Y, and I be as above. 

(1) IfV(I) is F-split (F-regular), then so is Z. 

(2) Suppose that Y is smooth, V(I) normal, and any component ofV(I) \ U 
of dimension dimU(/) — 1 has infinite H-stabilizer. Then Z being F-split 
(F-regular) implies that V{I) is as well. 

Proof. The first claim is a straightforward application of our Theorem 14.11 For 
the second claim, note that Y smooth implies that Ft acts freely on U. Then Z 
is F-split (F-regular) if and only if V(I) D U is by loc. cit. Under the further 
assumptions, V{I) is F-split (F-regular) if and only if V(I) C\U is. □ 

Example 7.19 (Elliptic curves in P 1 x P 1 ). Any form / £ k[xo,x\,yo,yi\ of bide¬ 
gree (2,2) defines a (possibly singular) elliptic curve F embedded in P 1 xP 1 . Assume 
that V(f) C A 4 is normal. Then the corresponding curve E is F-split if and only if 
the coefficient of (aio*i2/o2/i) p ~ 1 in / p_1 is non-zero. Indeed, by the above proposi¬ 
tion, E is F-split if and only if k[ xq, x\,yo, yi]/(f) is F-split, and Fedder’s criterion 
[Fed83| implies that the latter is F-split if and only if / p_1 ^ (x%, x\, j/q, Vi)- 

8 . Toric vector bundles 

Toric vector bundles and their projectivizations provide a natural class of normal 
varieties with action by a lower-dimensional torus. We apply our general results 
here to discuss the F-splitting and F-regularity of certain toric vector bundles. 
Note that in relation to positivity properties of toric vector bundles, it was asked 
in [HMPIO] exactly which toric vector bundles are F-split. Our Theorems 14. II and 
18.41 give a complete answer in the special case of two-step bundles defined below. 

Given a vector bundle £, we denote by P(£) the corresponding projective bundle, 
whose fibers are the spaces of lines in the fibers of sE To begin with, we have the 
following well known result. 

Proposition 8.1 (cf. [BK051 §1.1]). A vector bundle £ is F-split (F-regular) if 
and only if its projectivization P(£) is F-split (F-regular). 

Proof. There is a natural G m -action on £ given by the diagonal action on each fiber. 
The fixed point set is given by the zero-section and G m acts with trivial stabilizers 
elsewhere. Now, (P(£),0) is the corresponding quotient pair and we obtain the 
result by applying Theorem 14.II □ 

Now, let X be a toric variety corresponding to a fan E with embedded torus T, 
see (Ful93| for details. Throughout this section, M will be the character lattice of 
T, and E^ 1 ) the set of rays of E. A toric vector bundle on X is a vector bundle 
£ on X equipped with a T-equivariant structure. This equivariant structure turns 
both £ and P(£) into T-varieties. 


5 By some authors, this bundle is denoted by P(£*). 
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To a toric vector bundle £ of rank r, Klyachko |Kly89| associated a fc-vector 
space E of dimension r and a full decreasing filtration E p ( A) of E for every ray 
p G £ (1) 

• • • D E p { A - 1) D E p { A) D E p { A + 1) D • • • . 

fulfilling the following compatibility condition: For each maximal cone a G E, 
there are lattice points u \,..., u r G M and a decomposition into one-dimensional 
subspaces E = L\ ® • • • ® L r such that 

E p ( A)= 0 L it 

p(ui ) > A 

for each p -< a and all AgZ. Here p{ui) denotes the value of a primitive generator 
of p on Ui. From this data one can reconstruct £ as follows. The sections of £ on 
the chart U a of X corresponding to er are given as a submodule of k[a~ C M] ® E 
via 

H°(U*,£) U = f) E p (p(u)). 

p-^cr 

Note, that the description of toric vector bundles by filtration behaves well with 
standard constructions as tensor product and dualization. Indeed, the dual bundle 
corresponds to the filtrations E* p ( A) = E p (—X) ± of the dual vector space E*. 

Definition 8.2. We say that a toric vector bundle £ is a two-step bundle if every 
filtration E P (X) has most two steps where the dimension jumps (i.e. at most one 
proper subset of E occurs). 

Clearly, any rank two toric vector bundle is a two-step bundle, since E is two- 
dimensional in this case. 

Example 8.3. By |Kly89| the tangent and cotangent bundles are examples of 
two-step bundles, since their filtrations have the following form: 


( TV (g ) k 

for A < 0 

T p {\) = l ( P ) 

for A = 0. 

\ o 

for A > 0. 

( M®k 

for A < 0 

n p (A) = 4 p 1 - 

for A = 0 

l 0 

for A > 0 


For a given two-step bundle £, let Ei,...,Et be the proper subspaces of E 
occurring in the filtrations E p ( A). For every Ei and every ray p G we define 

Pi(p) = max{A | Ei C E p ( A)} — min{A | E p ( A) ^ E}. 

Now we set 

Pi = ma x{pi(p) | p G £ (1) }. 

Consider Y = Bl^ ^ P(E), the successive blowup of F(E) in the strict trans¬ 
forms of the subspaces Fb Let the corresponding (strict transforms) of the excep¬ 
tional divisors be denoted by we define the exceptional divisor of the blowup 
in a hyperplane to be the hyperplane itself. Note that Y and this configuration of 
divisors is independent of the ordering of the Ei on a big open subset. 
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Theorem 8.4. Let (Y, A) be the quotient pair for ¥(£), where £ is a two-step toric 
vector bundle. A separation of (Y , A) is given by 

F sep = Bl El _ Ee P(F), A sep = y ^iDi. 

i * 

Proof. The claim follows directly from the arguments of IGHPS121 Proposition 3.5 
and §6.2] and iHSlOl Theorem 5.9]. □ 

For two-step toric vector bundles £, we can thus apply Theorem 16.111 together 
with Theorem 14. II to determine when P(£) and £ are F-split or F-regular. In the 
following, we consider several special cases. 

Note that the following Corollary was obtained by [ Xinl4l for the case of F- 
splitting using arguments different than ours: 

Corollary 8.5. The cotangent bundle of a smooth toric variety X is always F- 
regular. In particular, it is F-split. 

Proof. In this case, we have (F sep , A sep ) = (P n_1 ,0), where n = dim AT. □ 

On the other hand, the Frobenius pullback of the cotangent bundle is not even 
F-split: 

Example 8.6. We consider the vector bundle £ = F*£lx on a smooth complete 
toric variety X = X-% of dimension n. This bundle is given by the filtrations 

{ M ® k A < 0 
p 1 - 0 < A < p 

0 A > p 

In particular it is a two-step bundle and we see that a separation of the correspond¬ 
ing quotient pair is given by (Y sep , A sep ), where F sep = P (M ® k ) and 

A sep = y 

^ J p 

P e so) 

We obtain 

deg[(l — p)(K Y ™p + A sep )J = (p- l)(n- (#S (1) )). 

Since > n for A' complete, the right hand side is negative, and we conclude 

using Remark |3.51 that £ cannot be F-split. 

It is known that the cotangent bundle for flag varieties is also F-split, see 
|KTT99j . We ask: 

Question 8.7. Let A be any smooth F-split (or F-regular) variety. Is f lx always 
F-split (or F-regular)? 

The tangent bundle on a smooth toric variety is not always F-split (see Example 
18. 121 below!. but it is in the case of projective space. 

Corollary 8.8. The tangent bundle of P™ is always F-regular. In particular, it is 
F-split. 

Proof. In this case, we have F se P is the blowup of P" -1 in n + 1 general points, 
and A sep = 0. The claim now follows from the above discussion and the following 
lemma. □ 
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Lemma 8 . 9 . The blowup of P n in n + 2 general points is F-regular. 

Proof. After applying a projective transformation, we can take the n + 2 points 
to be re + 1 toric fixed points of P”, along with the point 1. The blowup X of 
P" in the n + 1 fixed points is toric, and choosing —Kx to be the standard toric 
anticanonical divisor, a basis for H 0 (X,O(—Kx)) is given by monomials \ u for 
u — (ui,..., u n ) £ Z™ satisfying 

— 1 < Ui < n — 1 i = 1 ,..., n; 

1 — n < Ui < 1 . 

Consider the global section 

n— 1 

r=(i-x en )i[(i-x- ei ) 

i= 1 

Here e,; is the standard basis of Z n . The coefficient of \° in t p ~ 1 is 1. Hence, under 
the Grothendieck duality used in Remark 13.51 t p-1 corresponds to an F-splitting 
of X. Furthermore, this lifts to an F-splitting of the blowup X of X in the point 
1, since t vanishes to order n at the point 1, see |BK05I Exercise 1.3.13]. 

But in fact, r is a global section of 0(—Kx — E) for F any one of the exceptional 
divisors of X -A- P", excluding one. Hence, by Grothendieck duality, we have a 
splitting of Ox -A F*0^.(F). But X\E is an open subvariety of a toric variety, so 
X is F-regular by Theorem 13.21 □ 

We can give the most precise answer as to when £ is F-split or F-regular in the 
case of rank two toric vector bundles. 

Corollary 8 . 10 . Let £ be a rank two toric vector bundle with associated vector 
space E and proper lines Ei. Then £ is F-split if and only if either there are at 
most three lines Ei with values pi > 1, and the pi form a triple as in Table [l]; or 
p > 3, there are exactly four lines E\, E^, F 3 , F 4 with pi > 1, for these four lines 
we have pi = 2, and the coefficient of yd* -1 )/ 2 in (y — A)(p _1 )/ 2 )(y — l)( p_1 )/ 2 is 
non-zero, where A is the cross-ratio of four colinear points Vi £ Ei, i = 1,2, 3,4. 

Likewise, £ is F-regular if and only if either there are at most three lines Ei with 
values pi > 1, and the pi form a F-regular triple as in Table Q] 

Proof. This is a direct application of Theorem 17.121 □ 

N. Lauritzen raised the question if there is an F-split vector bundle £ such that 
the dual bundle £* is not F-split |opelO| . Corollary 18.101 implies that for toric 
bundles of rank two this cannot happen, since in the cases where £ is F-split the 
quotient pairs of £ and £* are isomorphic. In the following examples, we will see a 
number of two-step toric bundles of higher rank satisfying this property. 

Example 8 . 11 . Let X = Xy. be a toric variety, = {pi,... ,pt}. We consider 
the toric vector bundle £ on X given by 

{ F A < 0 
Ei A = 0 
0 A > 0 
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where the Ei are hyperplanes in E in sufficiently general position, and dimF = 
n+ 1. If for example A is regular, this collection of nitrations fulfills the necessary 
compatibility condition. 

Now, a separation for the quotient pair of P(£) is given by (P",0), and for 
P(£*) by (Bl£P n ,0), where Bl^P” is the blowup of P” is t general points. Since 
P” is F-regular, P(£) is as well; in particular, it is F-split. On the other hand, on 
ysep _ j>« gjjgaf 0((1—p)Ky si3 p) has no global section if £ > h°( P n , 0(n+1 )), 

so in this case P(£*) cannot be F-split. 

We can modify this example to give a counterexample where P(£) is F-split but 
not F-regular, and P(£*) is not F-split. Indeed, consider the bundle £ as above, 
except that for 2(n + l) of the rays the filtrations E Pi ( A) have value Ei for two steps 
in the filtration instead of just one. In this case, the boundary divisor A is JT ^F^, 
the sum being over the indices for those 2(n + 1) rays. Since deg A = n + 1, (Y, A) 
cannot be F-regular, but it will be F-split if the Ei are sufficiently general. On the 
other hand, P(£*) will still not be F-split. 

Example 8.12. In [GHPS12I Example 4.2], a smooth toric variety is constructed 
such that the quotient for the tangent bundle is given by F sep = Bl^P™” 1 . In 
characteristic p ^ 2,3, 9 of the 14 points form the complete base locus of a pencil 
of cubics iTot08] . Hence, does not admit any global sections and F sep and 

hence 73c is not F-split. On the other hand, fix is always F-split by Corollary [875] 

The situation for toric rank two bundles motivates the following modified version 
of Lauritzen’s question. 

Question 8.13. Is there an F-split (non-toric) rank two vector bundle £ such that 
the dual bundle £* is not F-split? 

9. Diagonal splittings 

Definition 9.1. A diagonal splitting of a scheme X is a splitting of X x X compat¬ 
ible with the diagonal |Ram87j . By a diagonal splitting of a pair (A, A) we mean 
a splitting of 

(X x X, AxX + XxA ) 

which is compatible with the diagonal. More generally, by a diagonal splitting of a 
triple (A; A+, A_) we mean a splitting of 

(A x A, A + x A + A x A_) 
which is compatible with the diagonal. 

Note that A being diagonally split has strong consequences for the syzygies of A, 
see e.g. (BK05 ] 1.5] 

Example 9.2. If C is a complete curve and (C, A) is diagonally split, then g(C, A) < 
!/2 has to hold (see Remark [7.14l for a definition of g{C, A)). Likewise, if (C; A+, A_) 
is diagonally split, then we must have g + := g(C, A + ) < !/2 and g- := g(C, A_) < 

V 2 - 

Proof. The diagonal has bidegree (1,1) in C x C. Hence, 

D := —K C xC — (A+ x A + A x A_) 

has bidegree (2 — 2 g +1 2 — 2 g_). Hence, if g+ or is larger than l / 2 , then D and all 
its positive multiples have empty linear systems. By Remark 13.51 this implies that 
there is no such splitting. For (C, A) we get the claim by considering (C; A, A). □ 
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Now, let X be an ff-variety as in fj272]and assume that H has no p-torsion. The 
product X x X admits a natural H x ff-action. However, the diagonal is invariant 
only with respect to the diagonal subgroup H C H x H. This embedding of groups 
corresponds to the surjection of character lattices 

Ad x Ad —y Ad 5 (iii, 1 x 2 ) 1 —t iL\ T 1 x 2 • 

Hence, semi-invariant functions of degree (u, —u) with respect to the H x fZ-action 
are exactly the invariant functions with respect to the diagonal action. Now, by 
using Proposition E21 we see that we may assume that a diagonal splitting of X is 
of the form 

(13) rr ^ ( &(w,—w) 

w£M 

where cr( Wt - w ) G Homo* (F*0 XxX , Oxxx)( w ,-w)- 

Remark 9.3. Note that by 0 given an element a w G Horn o x {F*Ox,O x ) w we 
may interpret is as an element of Homo y (F*k(Y), k(Y)) which we as before we will 
denote by a w in the following. Remember that Lemma 14.31 ensures that 

a w G Hom 0y (F*CV(|"(p - 1)A + V(w )~\), Oy). 

This extends to X x X with the full H x iL-action as follows. For 

&(w ,—w) E CTj <g> a 1 G Homo* (F*O x , O x ) w ® Homo* (F*O x , O x )- w 

i 

we have oi w -w) = dj (g> a 1 . This defines an element of Horn o v (F*Ov,Ov) of 
some open subset of V C Y xY intersecting the diagonal. 

We now give a characterization of those invariant splittings er of X x X which 
are compatible with the diagonal. For simplicity, we will assume that H is equal 
to a torus T. For every class [w>] G Ad/pAd we define 





In the following we denote the ideal sheaves of the diagonals in X x X and YxY 
by d x and dy , respectively. 

Theorem 9.4. A Frobenius splitting a of X x X is compatible with the diagonal 
if and only if for every [u>] G M/pAd we have = <7[ 0 ] (mod dy) and is 
compatible with the diagonal, that is, a[ w ](F*dy) C dy. 

Proof. We consider generators of F*d x as an CWxX-inodule. There are two types 
of generators we have to take into account. One coming from the diagonal of T x T 
the other one from the diagonal of Y x Y: 

(14) u G M; / G k(Y) x k(Y) 

(15) / • {x w ® X“)> «,t»GMand/G dy. 

In fact, these elements generate F. t d x as a fc-vector space. 
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Assume first that we have an element g of the form (fl5ll . Then a(g) will vanish 
if u ^ —w. Assume that u = — w. We obtain 

■ (x w ®x~ w ))=J2 ■ (x w ®x- w )) 

u£[w] 

= E ^(«,-«)(/) • x w ~ u ®x u ~ w 

u£[w] 

= ( E ) X° ® X° + 

\«eM / 

+ E *(«.--«)(/) • (x"~ 0 ® x“-™ - x° ® X 0 )- 

Note that the first summand of the right-hand-side is an element of lx if and only 
if ] ff( u _ u )(/) = (/) is an element of Iy■ The second summand is always 

an element of lx , since (x w ~ u < 8 > X u w ~ X° ® X°) lies Px- 

Assume instead we have an element g of the form m- Then we obtain 

tj {g) = a {f ' X° ® X° — / ' X™ ® x~ u ) 

= v(f ■ X° ® X°) - »■(/ • x“ ® X~“) 

= E ct k-)(/'X°®x 0 )- E a (u-u)(f -x w ®x~ w ) 

uG[ 0 ] u€[it;] 

= E *(«,-«) U)-X~ u ®x u - E ^(«,-«)(/)• x w -“®x“-“ 

iiG[ 0 ] u£[?i;] 

= (o-[ 0 ] (/) - (/)) • X° ® X°- 

Here, the congruence is modulo elements of the form (x° ® X° ~ X u ® X -u ) € /x 
as above. Now, the right-hand-side lies in lx if and only if (ct[ 0 ](/) — <r[«,](/)) is an 
element of iy. □ 

We obtain the following corollary, which is a simple generalization of the corre¬ 
sponding result on toric varieties in |Pay09| . 

Corollary 9.5. Consider a T-variety X, and suppose a is a splitting of X x X 
compatible with the diagonal. Then for every class [w;] £ M/pM there must be a rep¬ 
resentative u £ [ic] such that the homogeneous component of weight (u, —u) in a is 
non-trivial. In particular Homo x (HOy^xJu 7 ^ 0 and Home> x {F^Ox, Ox)-u 7 ^ 

0 . 

Proof. For a to be a splitting, frr 0 ] must be non-trivial, and the result follows by 
Theorem 19.41 □ 

Remark 9.6 (The toric case). In the toric case, the criterion that for all [u>] £ 
M/pM , there must be a representative u £ [w] such that Homo x (F*Ox, Ox)±u 7 ^ 
0 is exactly the criterion that the polytope Fx := Px D —Px contains a represen¬ 
tative of every class [w] £ M/pM , cf. Lemma T4.51 Payne shows that this criterion 
is both necessary and sufficient |Pay09| . The sufficiency of this criterion is easily 
seen: for any lattice point u £ F.y, Horn o x (F*Ox,Ox)±u — k by Remark [4.81 
Since X is complete, [0] H {Px D —Px) = 0, so by Lemma PTTTT1 J2 U 1 • x u ® X _ “ 
corresponds to an invariant splitting <r of X X X, where the sum is taken over a 
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choice of representative u for each class of M/pM. Now, by Theorem 19.41 this 
splitting is compatible with the diagonal. 

It was Payne’s result which was one of our original motivations for studying 
F-splittings of higher complexity T- varieties. As Payne points out, the diagonal of 
A x A is not T x T-invariant, but it is invariant with respect to the action of the 
diagonal torus. We were struck by the fact that Payne’s polytope Fx = Px H —Px 
is exactly the polytope corresponding to the anticanonical divisor on the Chow 
quotient Z of A x A by the diagonal torus T. In fact, our machinery (fQ] and 
Proposition 15.211 can be used to show that a toric variety A is F-split if and only 
if the above quotient Z is split compatibly with some point in the interior of Z 
(note that Z is a toric variety with respect to the quotient torus ( T x T)/T). This 
is easily seen to be equivalent to Payne’s criterion discussed above. We leave the 
details to the reader. 

Our next goal is to give a simpler necessary condition for a complexity-one T- 
variety to be diagonally split. To begin with, suppose that Y is any complete 
variety, and let V : M —>• DivQ(F) be as in (HI). We set 

U = Specy © 0(V{u)). 

ueM 

Then the quotient pair of U is (Y, A). 

Lemma 9.7. Assume we are given a diagonal splitting a of U of the form (1131) . 
Let A + , A_, he effective Q-divisors on Y. Suppose that for every w £ pM with 
a (w,-w) non-trivial there are functions f p £ K(Y) C F*K(Y) satisfying f p = 1 
and with 

div(/^ p ) + \{p - 1) A + V{±w) 1 >\{p~ 1) A±]. 

Then there is a diagonal splitting of (Y; A + ,A_). 

Proof. Remember that using Remark 19.31 we obtain as an element of 

Homely (F*O y ( \{p~ 1) A+V(w )~\), 0 Y )®Hom.o Y (F*O y ( \{p~ 1) A+T>(-w )~\), Oy )■ 
By our hypothesis on the /£, multiplying with f? <g> f~ p gives an element of 
Horn o Y {F*0 Y {\{p - 1)A+1, O y ) ® Horn 0y (F*O y {\(p - 1)A_], O y ). 

We set 

® f™ p x~ w ) • )• 

w 

By definition, this is a homogeneous element in 

Hom 0xxX (F*/Y(A x A), K(X x A)) (0j0) . 

We obtain 

& = ^2 (fw ® fw P )(x w ® X~ w )<r(w,-w) 

W 

= ® fw P )v(w,-w)- 

w 

Now, we claim that a' gives the desired splitting onhxF. To see that it is indeed 
a splitting, note, that er(l) = <T(o,o)(l) = 1- In particular, all other homogeneous 
components of er(l) vanish. Hence, multiplying one of these components with some 
element of the form f p x w 0 fw P X~ w does not contribute to the degree-(0, 0) part 
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of cr'(l). We thus obtain cr'(l) = cr(l) = 1. The same holds for cr'(l) which is just 
the restriction of cr'(1) to the invariant functions. 

It remains to show that o' is compatible with the diagonal. We have 

(1 - flX W ® UX~ W ) € lx, 

so o(g) and o J (g) differ only by an element of lx■ On the other hand, for some 
element g £ F*Ix we obtain o(g) £ lx, since o is compatible with the diagonal. 
Hence, a'(F*Ix) C lx holds. Since o' is of degree (0, 0) we also have cr , (J 7 ’*/( 0 ,o)) C 
J(o,o)- Then we are done, since 7( 0 ,o) gives the ideal sheaf for the diagonal of Y x Y 
and o' is just the restriction of o' to the degree (0,0) part. □ 

Let us denote by suppj o the set of degrees w £ M such that the homogeneous 
component of degree (w, —w) of o is non-trivial. 

Lemma 9.8. Consider the subset M C M of those u £ M such that T>(u) is 
principal. Suppose there is a diagonal splitting o of U satisfying 

suppj a fl pM C pM. 

Then there exists a diagonal splitting of (Y, A). 

Proof. This is just Lemma [9771 applied to the case div(/£) = D{w). □ 

Let’s now consider the case that the torus action on A' is of complexity one. This 
means that C = Y sep is a curve. If A' is diagonally split, it is F-split as well and 
by Theorem 17.121 we know that g(C, A) < 1, i.e. the curve is either elliptic or IP 1 . 

Proposition 9.9. If g(C, A) > p /2 then an invariant diagonal splitting has to have 
a non-trivial component in a non-zero degree (w, —w) £ pM x pM. 

Proof. If an invariant splitting doesn’t have a non-trivial component in a non-zero 
degree (w, —w) £ pM x pM, then (by restricting to an open subset subset of X) 
Lemma ITJTH1 would provide us with a diagonal splitting of (C, A), which is impossible 
by Example 19.21 □ 

Theorem 9.10. Let X be a complete diagonally split T-variety of complexity one. 
Then C = P 1 and we are in the cases (1, *, *) or (2, 2,2) from Theorem \7.12\ 

Proof. By restricting to an open subset U of A we assume that Y = y se P = C. 
Given a diagonal splitting o of form m let M' c M be the sublattice generated 
by suppj a. Note that by Proposition 19.51 the quotient M' j{M' fl pM) surjects to 
M/pM = M <g>z F p but this implies that M' CpM = pM'. Indeed, given a Z-basis 
e'i, ..., ej) of M' we may consider its image in M/pM. By our condition on suppj^ er, 
the images of the basis vectors span M/pM. But this implies that they are linearly 
independent over Fp. Now, given an integral linear combination u’ = (G , \ie! i of 
the basis elements which lies in pM gives rise to a linear combinations 0 = A ie’i 
in M/pM. By linear independence the coefficients A i have to vanish. Hence, their 
representatives A i are elements of pZ and u' is an element of pM'. 

Let us now consider the case of pairs (C, A) of genus 1. Remember that 

Horn Oc(F*O c ((p - 1)A ),Oc)* = (C, O c ([(l - p){K c + A)])). 

Hence, by Lemma l4~3l we have deg V(w) < 0 and deg'D(-w) < 0 for every w in 
the support of a. By linearity this implies degT>(w) = 0 for w £ M'. Again by 
Lemma 14.31 T>(w ) has to be a principal divisor for w in the support of a and hence 
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for every w G M ', as well. Hence, we can take M = M' and apply Lemma [9.81 
using that M' (~l pM = pM'. We obtain a diagonal splitting of (C, A). But this is 
impossible by Example 19.21 

By Table [I] the remaining cases we must rule out are those of pairs (C, A) of 
genus larger than 3 / 2 , that is, the cases of the triples (2,2,r) (r > 2), (2,3,3), 
(2,3,4), and (2,3,5). We set M to be the sublattice of M' consisting of those u 
such that deg£>(it) = 0. Our first claim is that supp x cr fl pM C M. Indeed, if 
deg T>(w) > 0 for some w G pM, one can check case by case that degX>(u;) would 
be at least p ■ (2 — deg A). Now, we would have 


(1 — p) deg(A + Kc) - deg V(w) < 0 


and there cannot be a non-trivial homomorphism in degree w. On the other hand, 
if deg V{w) < 0 than we have deg£>(— w) > 0. Hence, we must have deg V(w) = 0 
for all degrees in supp x a fl pM. 

We can apply the same methods as in the genus 1 case if V(w) is integral for 
every w G M. If we are in the case (2,3,5) this has to hold true, since there is 
no way to obtain a / 2 + b /3 + c /s being an integer without all the summands being 
integers. 

For the remaining cases, we will use the diagonal splitting of U to construct a 
diagonal splitting of (C; A + , A—). Here, writing A = oi[ci] + 02 ( 02 ] + 03 ( 03 ], we 
take A + = oi[ci] + 03 ( 03 ] and A_ = 02 ( 02 ] + 03 ( 03 ]. Note that by properly ordering 
01 , 02 , 03 , we have deg A + = a 1 + 03 > 1 and deg A_ = 02 + 03 > 1 so as before, 
by Example 19.21 we will obtain a contradiction. 

We will discuss the case A = 2 / 3 ( 01 ] + 2 / 3 ( c 2 ] + V 2 ( C3 ] i n detail; the other cases 
follow similarly. We wish, for any w G supp x adpM , to produce a function f w as in 
Lemma IfTH Write such w as w = ( £p)w' with (eN and w' G M' a primitive lattice 
element. Now, we have seen above that V(w') is of degree 0. If V(£w') is integral, 
then we set D w = V(£w r ) and have V(w) = pD w . Since D w has degree zero, it is 
principal, that is, D w = di v f w for some rational function f w . Furthermore, this f w 
satisfies the requirements of Lemma I9T1 since 


\(p - 1)A + V(±w) T pD w ] = \(p- 1)A] > \(p— 1)A + ], f(p-l)A_l. 


Assume now instead that 'D(iw') is not integral. Since it has degree 0, up to 
changing the roles of ci and 02 we have V{w') = V 3 ( c i] — V 3 ( c 2 ] + An with D 0 some 
integral divisor of degree 0. This means that 


(2 + i)p - 2 


[ci] + 


(2 — t)p — 2 


(c 2 ] + 


~P~ 

2 


\{p~ 1 )A + 'D(w)] 


[c 3 ] + £pD 0 . 
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Now, if £ = 0 mod 3 , then T>{£w') is integral so the case above applies. Suppose 
instead that £ = 2 mod 3. Then we obtain 


\(P~ 1)A + D(w)l = 


\{p-l)A + V(-w)] = 


(2 + 2)p — 2 

3 

4 P-2l r , 

(2 — 2)p — 2 


[ci] 


[Cl] 


(2 — 2)p — 2 

3 
[c 3 ] 

(2 + 2)p — 2 

3 

[c 3 ] + pD' w 


[ C ?] + N [C 3 ] + 


[c 2 ] + £ [c 3 ] - pD' w 


with D' w being an integral divisor of degree 0, hence of the form di v f w for some 
rational function f w . Since 


\{p - 1) A + V{w) - pD' w ~\ >\{p- 1) A+l 
|"(p - 1) A + V{-w) + pD' w 1 > \ip - 1) A_] 

the function f w fulfills the requirements for Lemma 19.71 

If instead £ = —2 mod 3, a similar analysis also produces a function f w satisfying 
the requirements of Lemma 19.71 Now, applying Lemma 19.71 we obtain a diagonal 
splitting of (C; A+, A_). But as we have seen, this is impossible. □ 


Example 9.11 (Blowup of a flag variety (continued)). Once more consider the 
variety W from Example 12.101 Remember, that the piecewise linear function 
from Lemma R3.121 describing the homogeneous components of Hom^C^, O^) 
was given in Example 16.131 by 

h(a, b) = max{— a, 0}[1] + max{— b, 0 }[1] + max{a + b, 0 }[oo], 

Now, for every pair of integers w = (a, — 6 ) with 0 < a,b < p — 1 we set 
w' = (a — p, —b ) and we have w, w' G {p — 1 )P^. Moreover, we obtain 


h{w) = b[ 1 ] + max{a — 6 , 0 }[oo], h{—w) = a[ 0 ] + max{t» — a, 0 }[oo], 

h{w') = {p — a)[ 0 ] + 6 [ 1 ], h{—w') = {b + p — a)[ oo], 

Recall (Remark 13.511 that there is an isomorphism 

Horn 0el (F*0 P i(D),O pl ) Si H°(P\ C?((l -p)K r i - D)). 

We will denote this correspondence by the symbol =. 

For w and w' as above and K = K v i = — [0] — [oo] we consider 

p—a—1 

2—0 

G H 0 (O(-K - |7i(u>)D) ® - \h(-wy\)), 

p -1 

“ 1 ) P_118 y~ l 

i=p—a 

G H 0 (O{—K - Ihiv/m 0 H 0 (O{—K - \h(-w)' D) 
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as elements of 


Hoin(F*0^, 0~) w ® Hom(F*C>^, <D~)-w = Horn {F*C> WxW , 0^ x ^) (w 

and Hom(F*Ow x w> C, w x whv’',-™ / )’ respectively. 

We set a to be the sum of all these cf^ w _ w ^ and cr^ w /_ w /y Then we obtain 


p -1 


(16) 




2=0 

(y <S> 1 - 1 ® yY” 1 

y p_1 <8 1 


(y - l ) p_1 e ^(P 1 x P 1 ,0(-A> xP i - diag)) 


Hence, we have a\ w ] = djo] for every w G M. Moreover, m w j is compatible with the 
diagonal. It remains to show that cr is actually a splitting. To see this, note, that <To 
is the only non-trivial homogeneous component <J( W ,- W ) with w £ pM. Moreover, 
do = d[o] defines a splitting for IP 1 x IP 1 , since the monomial 1 occurs with coefficient 
1 in m■ Hence, we have <r(l) = oo(l) = 1. 

We just proved that the blowup W of the flag variety W is diagonally split. This 
implies also that the blow up in only one of the curves and W itself are diagonally 
split. The latter was previously known, since all flag varieties are diagonally split 
by |Ram87] , 


Example 9.12. Consider the blowup X of P 1 x P 1 x P 1 in a curve of degree 
(0,1,1); this is number 4.8 in the classification of Fano threefolds by Mori and 
Mukai |MM82| . There is a G^-action here defined by the weight matrix 


Uq U\ Vo v± Wo w i 

( 1 0 0 0 0 0 \ 

^ 0 0 1 0-1 0 ) 

where the Ui,Vi,Wi are homogeneous coordinates on the three factors of P 1 . We 
may assume that the center of the blow up is the curve C = {1} x V{vqWq — V\Wi). 
The quotient is again a non-separated P 1 with the points 0,1, oo doubled. The 
separation is just P 1 and the corresponding quotient map is given by 

(u 0 : ui,v 0 : Vi,w 0 : wq) M- (v 0 w 0 : Viwi) 

and we have two prime divisors in X \ X° with corresponding one-parameter sub¬ 
groups ±p E N = Z 2 , with p = (0,1). This and the piecewise linear function 
h : Px —> DivQ P 1 can be obtained similarly to Example 12.101 or read off from the 
data given in [Siifil4j . For h we obtain 

h(a, b) = max{— a, 0} [1] + max{—6,0} [1] + max{a, 0} [oo]. 

One checks that < 7 ( Wt _ w ) as defined in Example 19.111 is again an element of 
H 0 (O(—K— \h(w)-\))(g>H 0 (O(—K— |A(—u>)~|)) and similarly for <r( w >- w i). Hence, 
we can again take the sum of all <J( W> - W ) and crt w p_ w i\ to obtain a diagonal splitting 
for X. 
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